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6.9 Frequency sampling method of designing FIR filters

Let h{n) is the filter coefficients of an FIR filter and H (k) is the DFT of /i(n). Then

we have

. 5 ;

h(n) = = > HRe™ N n=0,1,...N ~1 (6.110)

k=0
and

N-1

H(k)= > h(n)e~?®*/N k=0,1,...N -1 (6.111)
k=0

The DFT samples H (k) for an FIR sequence can be regarded as samples of the

filter z-transform evaluated at N-points equally spaced around the unit circle. That
is,

Ay TR R N0 WL 7 VLN Lo T | g Lo g

H(k) = H(z) (6.112)

z=el20k/N

The transfer function H(z) of an FIR filter with impulse response is given by
N-1
H(z) = ) h(n)z™" (6.113)
n=0
Substituting Eq.(6.110) in Eq.(6.113) we get

N-1Tq N-1 '
H{z)=%" > H(k)eﬂ“k“ﬂ“] z™"
k

n=0 N =0
N-1 N-1
H(k) 2k n
— _— =T /N -1
N O H(k) (eJ 2 )
k=0 n=0
N-1

H(k) 1 - (ef2mh/N -1y
N 1 — ei2nk/N -1

L[]

k=0
Sk il S ()
SN g 1 — er2mk/N -1 (6.114)
We know
H(e”"")Lz%E = H(e?™ /Ny = F(k) (6.115)

Thatis H(k) is kth DFT component obtained by sampling the frequency response

H(e’). As such this approach for designing FIR filter is called the frequency sam-
pling method.
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Froquency Sampling Realization

T
: " (6.114) can be written as
The A

aag= i ‘
z) = G
N ;, k(2) (6.116)
ok
 H(®K)
Gi(z) = [ eink/N,1 0Sk<SN-1 (6.117)

< e ransfor function of first order FIR filters, where poles lie on the unit circle at
jdistant points. The Eq.(6.116) can be realized as shown in Fig. 6.56.
Gi(z) in Eq. (6.11 6) are sometimes called resonant filters, because they are res-

gunt ot the sample values of kt* frequency.

y(m)

x(n) o
/N

Fig. 6.56 Frequency sampling realization of Eq.(6.116)

¥ 192 Frequency response

Tie frequency response of the FIR filter can be obtained by setting z = ¢’ in

{ i6e)

o 1N D H(k)
He¥) = N Z 1 — ei2nk/Neg—1w
k=0

,_,“JwN/Z(erNﬂ i e-—ij/‘.Z) N-1 H(k)
B N Z 1= e-Jw=2rk/N)
k=0
e~ IwlN/2 Ne) H(k)(eﬁ'““’/? Wk e—ij/Q)
- N Z c—j(w/:e—ﬂk/N)_[g'ﬂu/!Z—rrk/N) L, e—j(w/ﬂ-—xk!N)]
k=0

e Jw(N=1)/2 N~ H(la)e“i""/‘” sinwN/2
T --——""""“_'-‘—-—__-—‘-—-'—'-—-
N : sin{w/2 - wk/N)
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N - AN-1)/2 ‘Z] H{k){~1)*e 77/~ sin N(w/2 - kn/N) (6.118)
N - ﬁm(wfz ~ wk/N)
- - &in [“’TV - kn)
=(- l)ksm —
693 Design

We exploit the basic symmetry property of the sampled frequency response to sim-
plify the computations in designing an FIR filter. Based on the set of samples that we
choose from the frequency response, there are two types of design.

Tipe 1 design
In this type of design the frequency samples of the desired response Hgi(e?™) are
determined, using the relation

H{k) = Hy(e™) a, k=01..N-1 (6.119)
N
Im(z)
| 7
8
N odd
.qu)
k=0

Fig. 6.57 Location of DFT samples on the unit cirdle for type 1 design

Fig 6.57 illustrate exactly where the frequency samples are located. The inital
poa is located at . = C and the spacing between two points is 3.
!hﬁammpbmbcmmdmmcfmm

H{k) = |H(k)j|e"*®) {6.120)

Flki = -a o k=01, . .N-]

vk E=0.1,..N-1 16.121)
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0 | cocfhcients hing) ¢ ¢
The filter coefficients h{n) can be obtained by finding IDFT of (k) |

¥ 3 ~ ¥
?Z‘ﬂi e — ‘ H f 3 sPewnk IN
; g (&ie t % 2 y
N £ =05 N -1 (6.122)

If &inl, the impulse response of the filter is 1o be
e a real
= samples H (k) must satisfy the svmmetry ml“lr?me; ‘:“l“w signal, the fre-

1:\ odd or even

HN-KR=H@®% k=01..N-1 (6.123)

i addition. for N even H (%] =0
With the frequency response H (%), the magnitude response is an even function

iH(k)g = |H(N —-k)}] £=0,1,...N-1 (6.124)
and the phase is an odd function
k) =—-8(N-% k=01..N-1 (6.125)

In Eq.(6.121) replacing & by N — k, we get

(N —k)=— {\; 1] (N — k)

-

(N - )= [N‘l]«k
=—l\‘ - )”+ 1\?

To satisfy the requirements of Eq.(6.123), (k) for N odd is given by

N1 Nl
olk) = — (—r] gk =B LE-L
W21y g B (6.126)
z(f\f——l)ﬂ'—[ N ]-'f. k= gy iad )
Similarly for N even
N
blk) = — [Ahjl ok k=012 72”1
‘ N-1) ok k=5 N-1 e
= (N - 17— [-—--~—-—}1rl~ k=g b
N
= i} k= ‘;1:?
Substituting Eq. (6.126) in £4. (& 120) we get for N 0dd
N -1
H{L} i i}{{k}ff_ﬁ“ﬁ-ﬁ“ kN g o= 1 PR i“
s Sl ) i _ N 4 i A i {(\if\\‘)
T ¥ L (N Lk k= ;: ,

= [H{k)je
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Substituting Ba. (6. 127y in V. (6.120) we get for N even

H (k) = {H{k)e dV-U/N - o001, N

v e ]
‘ 2
, , : . N
. l,_”,‘”f__mfv D (N-Dnk/N = diiiis ¥ ]
4 L
! _ ‘ N
) M . e (6.129)

I the ilter ix 1o be linear phase, the h(n) must also satisfy the symmetry condition

h(n) = h(N ~1-n) (6.130)

This symmetry condition, along with the symmetry condition for H \k), can be
used to reduce the frequency specifications from N points to Nzi‘ points for N odd,
and ’;’ points for N even, Substituting Eq.(6.123) in Bq.(6.122) the filter coefficients

" (N e l 2

hin) = 5 {HO)+2 S Re [I:I(A:)eﬂ"k"/"f] N odd 6.131)
k=1

and
Ny

2
hin) = ij HO)+2 3" Re [I‘I(k:)cj")’"’“"/N] N even (6.132)
k=]

Once the filter coefficients hi(n) have been determined, the system function of the
filter 18 given by
N-

H(z) = L h{n)z™" (6.133)

el

b S

e

Type 2 design

In this type of design the frequency sumples H (k) are obtained using the relation

(k) = Hale™)

ld"""%“,# [A! ‘}2 J

s Hy (,,m(uem.l)/N') kes00,, . N~1 (6.134)

Pig. 658 shows exactly where the frequency samples we located. The witial
" ” ) H "
poiit s lovated ot oo g and the spacing between two poiots is N

Thie filter coethicients can be oblained using the relation

N

hin) = 8 H{k)e* %N § o1, N -} (6.1 45

bl d
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Im(z)
N even
/N \ Re(z)
Fig. 6.58 Location of DFT samples on the unit circle for type 2 design
The condition that h(n) be real is,
- for N odd
. - | _
H{.\—k"—*l):H*(k’) k'——OI—‘—Q———'l
(N -1

ad for N evep
N
H(.--——k—l) H*(k) k=0,1,...—é~-1 (6.137)
When these conditions are satisfied, the filter coefficients for N odd are
N3
: h(ﬂ.) — _2_ i rH(k F]RR’ (2k+1; /“v :
N E / (6.138)
5P k=0
o i Cven
3 ¥
;;; h( P { nrl{2k 1“'\3
E: (n) Z Re |H(k)e’

{6.139)

£ |
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r Example 6.5 Design an ideal lowpass filter with a frequency

6.18 Digital Signal Processing

Fesponge

=

Ha(e?™) = 1 for - ) <w< - A

s .‘(’;x
=0for - < lu;| < 1 oy V.
2 NV ZEN XS

Find the values of h(n) for N = 11. Find H (z\ Plot the magnitude rc‘é';)
; Onse,

Solution

:"g . .
The frequency responsc-oPowpass filter with w, =,

P
7 18 shown in Fj :
Given 8 63

Hy(e) =1 for — <w< X
2 — 2
= 0..for22r— <lw| <7

-
(N “
4

[ g™ -

o

1.0

- /2 R ®
Fig. 6.8 Ideal frequency response of Example 6.5

From the freguer.cy response we can find that o = 0. Therefore, we get 2 10%
causal filter coelucients symmetrical about n, — 0, i.e., hg(n) = ha(—n). The flter

coefficients can be obtained by using the formula given in table 6.2 for zero phase

frequency response (or) we can proceed as follows.
We know

I e *
ha(n) = 5= | HateM)e " du
-
g 4
o= _I_ . eIV L
21 x b

“h

ijn /2

2myn
[

mn(25) L J
. ‘ |

sin G ¢
e, — 00 SN <0

-n/2

(,Jnu/'}. - ‘,--‘.j-rru‘/‘.‘

i

»
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Truncating hg(n) to 11 samples, we have

sin in
h.(n_) = "i“z for |Ti-l <b
™
= (0 otherwise (6.56)

For n = 0 Eq. (6.56) becomes indeterminate. So

e sin gn B }_ . singn ___.-_.:;“_0
h(0) = ’1112}} ™ 2 1111-% L ,(]}1:1(1} 0 ]]
_ 2
g
(or)
Substitute n = 0 in Eq, (6.54) we get
b 1 /2 1 m/2 i 1
h U — h, O = — = — = — = -
( ) d( ) em 4/—11'/2 2w l—n/2 2T 2
Forn=1 o
sin 7
h(I\= h(=1) = 22 = = =0.3183
Similarly
sinm
(2) = h(-2) = T5 =0
s 3w
sin <F
h(3) = h(-3). = —=2 = . ~0.106
37 3
in 4=
h(d) = h(-4) = 322 _
i 47
: ‘ sin ¢ 1
h(5) = h(=5) = 2 = — =0, :
(5) = h(-5) = - 0.06366
The transfer functioq of the filter is given by
N1 N
H ~
) =h(0)+ Y [a(n) (2" + 27™)]
n=1 \

=0.5+0.3183 (2! + 27Y) - 0.106 (2% + 273) +0.06366 (z° + 27°).

Th !
€ lransfer function of the reali%ble filter is :
H'(z) =\

=(N-1)/2
: (2)

\
\




e e
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= 275 (0.5 4+ 0.3183 (2 + 27 ") — 0006 (2° + 27%) +0.06366 (5 | -

; )
. =10.06366 — 0.1062~" + 0.318327" + 0.527° +0.3183; 6

— 0.1062® + 0.063662'°

(6,57) )
Erom the above Eq. (6.57) the filter coefficients of causal filter are giyey, by

h(0) = h(10) = 0.06366; h(1) = h(9) =0; h(2) = h(8) = ~0.106
h(3) = h(7) =0; h(4) = h(6) = 0.3183; h(5) =0.5
The frequency response is given by

5
H(e¥) = Z a(n)coswn where

n=0

()= h [5%"—1] = hilE) =05

a(n) = 2h [N;l —n]

a(1) = 2h(5 — 1) = 2h(4) = 0.6366
a(2) = 2h(5 — 2) = 2h(3) = 0

a(3) = 2h(5 — 3) = 2h(2) = —0.212
a(4) = 2h(5 — 4) = 2h(1) = 0

a(5) = 2h(5 — 5) = 2h(0) = 0.127

H(e) = 0.5 + 0.6366 cosw — 0.212 cos 3w + 0.127 cos Sw (6.9

The magpitude in dB is calculated by varying w from 0 to 7 and tabulated belo
The magnitude |H (e7*)|qp = 20 log |H(e?¥)].

w(indegrees) | 0 10 20 30 40 s0 60 70 &

=

5 04 021 -026-0517-021 042 077 021 -1.7°

90 100 110 120 130 140 150 160 170 180

—

6 -14.56-31.89 206 26 32 24.7-3055 32 2]

R
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]

The frequency response plot is shown in Fig. 6.9,

-

| [HE@®)lap
w. 10 .

0 -

Lof "
-20 -
304

—40 -

. -
'

70 : | 057 . '

F 5 le 6.5
wpass filter of examp
Fig. 6.9 Frequency response of lowp _ -
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Example 6 ’7 Dcslgn an 1de.1| h’mdpaxs hllm with a frequency response

iy

‘ ' . m 3
m&f\{*/ ,\-Y & \1‘ K\ I’{rl((!)u)) - 101. 4 5 I | < ‘_;1&
— "‘ ¥ ﬂ,' N
¥ ;/1 NN \ =0 otherwise

WV
FEﬁ%}\e\values of h(n) for N = 11 and plot the—frequency rcsponse

&olutmn .

N

The ideal frequency response of the filter shown in Fig. 6.12. We kriow

Hy(e!®)
7,
Ay (s
7 73, IUEE S
) e
N3
=1 T4 & -1/4 /4 :?Tt/4 T @

I e
h n) = — Jwy L Jjwn
d(n) o _de(e Je
1 =i A
= — \: " du + / ' ej“’"dwl
21 | =3« ol .
4 4
- 1‘ [e—jnn/‘i — e~ J3mn/4 + ei3mn/4 _ ejwn/tl]
2min
| -~ 1], 3 o .
| = bmz-n——smzn ~—o<n< oo (6.6:
\_
| Truncating hg(n) to 11 samples, we have
l
| h(n) = ha(n) for n|] <5
=0 otherwise
o The filter coefficients are symmetrical about n = 0 satisfying the conditie?

"h,( ) = h(—n).

Forn=0
4
|
)} e
h(0) o
|

2 ;

v -]h I,'lliﬂ
/ZHI (t(u l / [!Ll)
3 A

!

n

Y4
n

4

dn o dn

n
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h(1) = h(-1) = m =0

sin3f —sinz  _
h(2) = h(-2) = Ei_z 5= = —0.3183 '
h(3) = h(-3) = ._3—4@—-—-—4— =0

sin37 — sinw
h(d) = h(~4) = 7747r sinw _
h(5) = h(=5) = sin 13”5 sini’g -1

w
“tfe ;;sfenmn;;mgﬁﬁ& is— e
N— . T

)_h(0)+2 [h(n) 2+ 272)]

Qq.s —~ 0.3183(22 +27%) (6.64)
The transfer function of the rea\IizabIe filter is
H'(z) = 273 [0.5 — 0.3183(" + 20|
— _(.3183z3+0.527° — 0.31832~" (6.65)
The filter coefficients of the causal filters are - .
h(0) = h(10) = h(1) = h(9) =h(2) = h(8) = h(4) = h(6) =
h(3) = h(7) = —0.3183
h(5) = 0.5
H-t
H(e™) = Z a(n) coswn
n=1
a(0) = h [ig:_l.] — h(5) = 0.5
a(n) = 2h [N; -
a(1) = 2h(5 — 1) = 2h(4) =0 ;
4(2) = 2h(5 — 2) = 2h(3) = ~0-6%0
w(3) =2h(5 - 3) = 2h(2) = 0
a(4) = 2h(5 — 4) = 2h(1) =0
a(5) = 2h(5 - 5) = 2h(0) =V (6.66)

H(er)y = g.5 - U.f;.ihhr.nh 2w
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W
(in degrees) 0 20 30 45 60 j 90
H(e*) | —0.1366 0.012 01817 0.5 0818 105 1.1366
|H(e’)|ag | —17.3 —38.17 —14.8 —6.02 —1.74 0.4346 1.1l

LA W N

105 120 135 150 160 180
105 0818 0.5 0.1817 0.012 —0.1366

0.4346 —1.74 —6.02 —14.8 —38.17 —17.3

A

HE)g 10

0 4
—~10 -
-20 -

~7H o

\ K
0.5 n
e

Fig. 6.13 Frequency response of Bandpass fiter of example 6.7.




" The frequency response of an ideal digital differentiator is linearly proportional to
N frequency. It 1s given by
Hy(e’*) = Jw —rT<w<T
The phase response of an ideal differentiator is 0.57 for all frequencies. If linear
phase is desired, the frequency response of an ideal differentiator can be written as
Hy(e’) = jw e~

N -1
where oy = 5

The ideal impulse response of a digital differentiator with linear phase is given

by

R Y

e

m
1 : ,
- : —Jjoaw _jwn
= 57-;/_7&)6 e?“" dw .
el i

m

—_— ._J_ w ejw(n—»t}) (lu)
2m
w1
w

1r Cedw(n-a)
. /j(n uj

n

(,jw('n —rx)

j
= A W —
27 jln — «)
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J -11' eim(n-a) +7 e—JTf(il—ct) elw(n—a)

=L 4 "
2m |. _](TL = O’) (n = Q)z —‘n}
i |w (e 4 gnln-a)) L &) — emimlng
27 i j(n—a) (n — a)2 }

_cosm(n—a) sin(n—a)w

n-—a m(n — a)?
If N is odd, a is an integer and we have sin(n — a)n = 0 for any integer , If N
is even, then cos [M—ﬂ'ﬁ] = 0 for any integer. Thus we have, for )/ odd

cos[(n — a)]

hqg(n) = o for n # a
=0 for n = «
and for N even )
_ —sin(n — a)n]
h‘d(n) - TT(TL . (.1’)2

Impulse response (direct truncation) Hamming window

1 —_—
w(n) - | o
h(n) 0.5 } T 1 i
¢ 0.6
T % o ‘
05} ! 02k
RS 74
'] A v 0 N
0 5 n 10 0 5 n 10
(2) (c)
Impulsc response (using Hamming window) Magnitude response
] —
h(n) |‘m3 3 \ . ‘.' .
05} | [H(e™)| "
T 2 : :
OQ_“\T 9 L o 6 ~ l. ‘. A‘
'05 " ] o' I.
l 0 " A 4—"—""_‘-—_-;‘
0 5 n 10 0 \ 2w
(b) (d)

‘ ) tion:
Fig. 6.47 a) Impulse response of a differentiator for N = 11 with direct mmﬁfming
b) Impulse response of differentiator with Hamming window truncation, Y Hta d ine)
window sequence, d) Magnitude res (dotte

_ ponse using rectangular window
using Hamming window (solid line)

ametri
Both have the property hy(n) = —, d(N —1-n). The coefficients ar¢ as{i?xgt 1
and of infinite length. The finite impulse response can be obtained by truncate

by using a window of length N. Then we obtain

s
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Fig. 6.48 d) shows the magnitude response of a type 1V differeniiator with N=-| .
The magnitude response of the differentiator (dotted line) obtained by direct trunca-
tion shows only small ripples and the magnitude response obtained using a Hamming
window does not have any ripple (sec example 6.13). Note that the magnitude re-
sponse of type IV differentiator is better than that of type III differentiator. The
reason is that the type IV filters have zeros only at w = 0; thus they are more suitable
than type III for designing differentiators. That is we should use type IV FIR filter to
approx1mate the ideal dificrentiator.

‘ 13 Design an ideal differentiator with frequency response

H(ej“’)r—jw ~r<w<w

;ing (a) rectangular window (b) Hamming window with N = 8. Plot frequency

response/in both cases.

Solution

The frequency response of the ideal differentiator is shown in Fig. 6.49.

H d(cj“’) A

ev

Fig. 6.49 Frequéncy response of ideal differentiator nf example 6.13

Given
yer DTN
H(e) = jo Wl
= eI/,
= @I™/2 p—jowTF Liw
e eI H ()
where a = ()
and

H ((:j“’) =W

To get a linear phase differentiator the frequency response

4'w . _‘,‘ o & = .
Hy (c-’ ) = jwe I for -~ TSWwWETrw
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_ 8, the differentiator is a type I'V FIR fi
Sinc® _siator with N even is given by tter. The impulse response of a

ffgren
ha(n) = _sin(n — a)m
7r('n_. — (y)2
GoN-1_8-1_7
2 5. i

U]Se reSpOl]9€

The' iy 7
hali) = —sin (n - Z) =
| T (n - %)2
The jmpulse response satisfy the antisymmetry property. That is
hg(n) = —hq(N -1 2l n)
Therefore
—sin(-1Z
ha(0) = —ha(7) ( 723 T~ —0.026
(-3)
—sin (-3
he(1) = —ha(6) —sin(=3)™ _ 00509

(a) Rectangular window

The rectangular window sequence for N = 8 is given by

wpr(n) =1 for 0<n<T
=0 otherwise

0.1415

-1.27

Fig. 6.50 Impulse response of differentiator



6.72 Dagital Signal Processing

The filter coefficients using rectangular window are

h,('n) = hy(n)wr(n) = ha(n) for 0<p <7

- otherwise
= h(0) = —h(7) = —0.026
h(1) = —h(6) = 0.0509
h(2) = —h(5) = —0.1415
h(3) = —h(4) = 1.27

The impulse response for a seven coefficient differentiztor is shown in Fig ¢ 5

-The transfer function of the differentiator is

H(z) = -0.026 + 0.050927" — 0.1415272 = 1.97,~% _ 1 97,4

+0.141527° — 0.05092~6 + 0.0262~7 |
—— %{ : 1 ’
H(e') =Y d(n)si - =
( ) Z (n)sinw (n 2)
-n—l . ¥
)
where d(n) = of, (\% - ) |
d(1) = 2h(3) = 2.54 l
d(2) = 2h(2) = —0.283
d(3) = 2h(1) = 0.10°8
d(4) = 2h(0) = —0.n52

-y
|

H () = 254 sin%) ~0.283 sin %“i +0.1018sin -55"3 — 005280y

e Ideal

I] ]([L:JI:IJI
fj..’iil;

Using rectangular window ) |

)/

VN Y

L i ~ ] ]
0 I T

Fi i
Fig. 6.51 Frequency response of differentiator using rectangufar wind



| .
6.8/ Hilbert Transformers

e frequency response of an ideal Hilbert transformer is given by

(1) j for0<w<nr

[ty , )
d J for < w < ()

The magnitude response of a Hilbert transformer is | for all frequencies; thus it

is an all-pass filter, But it introduces a phase shift of —90° for w > 0 and 90° for

w < 0. Hilbert transformers are used in communication systems, particularly in the

generation of single-sideband modulated signals, radar signal processing, and speech
signal processing, ’

il |

The impulse response of an ideal Hilbert transformer is

n
- .
/.';JLJL). - om ”r!(f"“'J)l"’w”(/,w
R &M
n

l | “- ]
[ ...' J” . <{
OV 1 € Jt 'f/u) /J f"“mflu)
a' fl ‘“
I (-J‘I-LJH 0 r.,ill)‘” h .
| = 8
27w 1Y 44 d =~
JH n N |
l I | In |
e Jn NERL
2mn ( ||
k ] |) ( jn
[} f ’
i “~ e T Jnn
27, | )|
|
' ¢ COH 71
‘. 12 - 2con | 1
211N

i *
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B 2sin? (21)

= forn#o

"y U fOr n —

. 2 T
hg(n) = {gsm (%) forn#0

form=10

Note that hg(n) is infinite in duration and non-causal
The frequency Tesponse a 1i1?ear phase Hilbert transformer is given by

Hy(e?) = —je™ ™ for0<w<m
e = 4 g7 for — T <w<0
N-1

where o= ———
‘ 2

The linear phase introduces a delay of « samples.
The impilse response of a linear phase Hilbert transformer is

is a type III FIR filter. We know that for a type
' — . Then it is impossible to design
| processing applications an all

For N odd, the truncated hg(n)
M FIR filter H (e/*) is zero at w = 0 and
an all-pass Hilbert transformer. But in practical signa
pass Hilbert transformer is unnecessary-

ign an ideal Hilbert’iransformer having frequency response

H(e) =3 for ~r<ws0
:——j for OSWSW

Using (a) rectangular window (b) Blackman window ,
For N = 11 plot the frequency response in both cases: (AU ECE May’07)
Solution
The/id?l,ﬁéquency response is shown in Fig. 6.53.
- ]
) ] - ju\ I W .
ha(n) = 5. | Hy(e™)e ‘
() ' o o
_L / jel¥" dw + jeldw
P =z 21 __ﬂ‘ JO f
] — cos T
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Hy(e!™)

n o

-

Fig. 6.53 Frequency response of ideal Hilbert transformer

The filter coefficients are antisymmetrical about n = 0, satisfying p, a(n) =
—hg(—n). Forn =0 '

ha(0) = [[;m+]‘ }

=—(0+7r T—0)=0

ha(1) = —hg(-1) = ——;ﬁ = %
ha(2) = —ha(-2) = T2 _ g
hal8) = ~ho(~3) = -2 _ 2
ha(d) = ~hy(~4) = 12047 _

ha(5) = —hg(~5) = 1-cosbm _ 2

(a) Rectangular window

(2)
M&=—M—m=3
O
'y h(4) = -h(-4) = 0
! 2
: h(5) = ~h(-5) = =
AT

2 Q'. 2 [ -,
H . R « .3 L3 o e 50
()= 2le- 2t 2 - 24 2
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The realizable transfer function

H(z) =2 "H(2)
2 g '
5t 37 T T 3 Sm

_ 0.127 + 0.212227% + 0.636624 — 0.63662~°
0921228 £ 0.1272710

The causal sequence of Hilbert transformer is

h(0) = —h(10) = 0.1273
h(1) = h(9) = h(3) = ~(7) = h(5) =0
h(2) = —h(8),= 0.2122
h(4) = —h(6) = 0.6366

5
H(e) = Z ¢(n) sinwn
n=1

c(n) = 2h { ; —n]
o(1) = 2h(4) = 1.2782
c(2) =2h(3) = 0
¢(3) = 2h(2) = 0.4244
c(4) =2h(1) =0

¢(5) = 2h(0) = 0.2540
H(ew) = 1.2732sinw + 0 4944 sin 3w + 0.254651n K
H(e™) = _jH(™)

H(e¥) = —j| 1.2732sinw + 00.424 9546 sin Hw)

4sin 3w + 0.

g

£ 1) i ’]S
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ample 5.16 R s coefficients of a linear
Lok 2 Symmetric unit

R SR

phase FIR filter of length M1
CNCY response that satisfies the

sampl
| PI€ response and a frequ
{tions .

2mk .
H[_._. N o
15]=1 k=0,1,2,3
=0 k=4,5867
Solution:
|H(k)] =1 for 0<k<3 and 12<k<14
=0 for 4<k<11
[H(k)|

]a
i
[ 1 -
23456 7 891011 1213 14—k

Fig. 5.60 Ideal magnitude response.with samples for example 5.16
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- (5] =
~14

157r1c 0<k<7

]

o(k)

and

147k

270 for8 <k < 14
15

O(k) = 147 —

k=0,1,2,3
for 4<k<11
12<k<14

Hk) = o—Jl4mk/15

for

0

_ o—Jln(k=15)/15 ¢

N 1

.0) 2fs 2 Z Re (H(k) J21r'n,k/10) ‘

k=1

p—

1

hiln) = N

: " ‘ : ‘
1+ 22 Re (e—j14wk/}5ej2w1zk/15)J

B " e
—~  27k(7 —n)
1+2 E it BB
4+ 2 cos | 15 J

[ 27 (7 —n) 4 (7 —n)
15 15

h(1) = h(3) = 0.041 h(4) =
h(3)
h(7) = 0.466

&=

Pt
cnl*"‘

1
T
h(0) = h(14) = —0.05;
h(2) = h(12) = 0.0666;
h(6) = h(8) = 0.3188

1+2COS +2COS +2COS

h(10) =
= h(11) = —0.0365 h(5) = h(9) = 0.034

6m(7 —n)
15
—0.1078




Co}nparison between FIR and IIR filters.

4

]
]
{

"4

FIR filter—

IIR filter

{

: /4.
PR

7%

4

The impulse response of this fil-
ter 1s restricted to finite number of
samples. |

“FIR filters can have prec1se1y lin-
_ear phase.

Closed-form design equations do
not exist.

Most of the design methods are it-
erative procedures, fequiring pow-
erful computational facilities for
their implementation. .

‘Greater flexibility to control the

shape of their magnitude response.

The impulse response of this filter
extends over an infinite duration.

These filters do not have linear
phase.

LA variety of frequency selec-

tive filters can be designed using
closed-form design formulas.

These filter can be designed using |
only a hand, calculator and tables
of analog filter design parameters. |

Less ﬂexibility specially for ob-
taining non-standard frequency re-
sponses.
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Finite Impulse Response Filters 5.9

6. | In these filters, the poles.are fixed
at the origin, high selectivity can
be achieved by using a relatively

high order for the transfer func-
tion.

The poles are placed anywhere in-
side the unit circle, high selectiv-
ity can be achieved with low-order
transfer functions.

v e em m s mr——

. o e —

A1 Always stable. . | : (/No/t always stable.
L Errors due to roundoff noise are. R
(/8./ t D058 jre IIR filters are more susceptible to

less severe. errors due to roundoff noise.

Dl‘ﬂl‘fipp pl’ﬂhlf‘m 5-7 IIQinﬂ' frPﬂlanP\f camnlina mathad Aacicem a lhnnd ratant fileas



5,04, Realization of FIR Filters

Transversal Structure

system function of an FIR filter can be written as

Nwi -
H{z) = Z h(n)z™"

‘n=0. . i, - j '
. — h(0) + h(1)z™ +h(2)z72 ... + h(N - 1)z~ N7V (5.155)
Y (2) = h(0)X(2) + h(1)27 X (2) + h(2)22X (2) + . ..
| +h(N -1z "X L (5156)

The Eq. (5.156) can be realized as shown in Fig. 5.68

X(@) Al 7y R G .
z iz z i z-

Yh®) h(1). h2) - Yh(N-2) YhN-1)

+ + 3 ; 5---_®__..®Y_(zl

Fig. 568 Direct forrri realization of Eq. (5.156)

-

This structure is known as transversal structure or direct form realization. The

;ransversal structure requires NV m'ultipliers, N -1 adders, and N —1 delay elements.
e -

Cascade realizatiorg |

The Eq. (5.155) can be realized in cascade form from the factored form of H(z). For
N odd ‘ -

2
—

2

H(z) = ] (bo +bmz™" + broz™?)
k=]

—
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(’m Fbyy2~! IPY "') (hm +byz! 4 b??f&)
x (b - e
WN-1) D 2°1 4 -2 ’
o L’_V,_z.ul ”’Lf!?_uzz ) (5.157)

For N odd, N — 1 will be even and H(zl) will have (N
ractors. Each sgcond order factored form of H (2) :
cascaded to realize H(z) as shown in Fig. 5.69,

' ~ 1)/2 second order
1s realized in direct form and is

x(n) ° béo /;\ R

»
L 1=

Fig. 5.69 Cascade realization of Eq. (5.157)

For N even
’ L Np
H(z) = (bo+bnz") H (bko + brr2 ™t + braz™?) (5.158)
' ) " k=2 : o )

when N is even, N — 1 is odd and H (z) will have one first order factor and (_11’2;2_)

second order factors.

H(Z) = (bm + b‘llz'l) (bzo + b.ZIZ—r + bgzz_g) (bgo + bglz._l + bggz_z)

b —2 E 4 e 5.159)
X (b%’-0+b%’31‘+b-‘¥2z ) (

Now each factored form in H{(z) is realized in direct form and is cascaded to

obtain the realization of H(z) as shown in Fig. 5.70.

X(n) bo L

I

Fiﬁ. 5.70 (Cascade realization of Eq. 5.158.




peteie - ) ‘
1.4 Polyphase realization of FIR filter .

et US consider an FIR filter with impulse re

em function of such a ﬁlter is given by Spon‘se having IV coefficients. The sys-

H(z) = Y™ p(n), | | (5.188)

IfN — 11 then

H() = h0) + A1)+ h(2)2 4 )3 4 h(a)—t 4 h(5)e-3
+-h(6)z—6 + h(?)z—'f' e h(8)z_.8 + h(g) -9 + 6(10) -10, (5.189)

The above transfer function can be parnt:oned into two sub-signals, one sub sig-

nal containing even indexed coefficients and the other contammg odd-indexed coef- -
ficients. That is

H(z) = h(0) + h(2)22 +h(4)27" + h(6)z;‘6 %‘h(g)g—s + h(10)2710
'+‘h(1)z‘1 it h(3)z=3 +,h(5)2-5 + h(7)z”% + h(9)z7° (5.190)
=h(0) + h(2)z“2.+ h-(4)z_4 +h(6)27° + h(8)z7% + 5(10);;-10
+ 27 [h(1) + h(3)272 + h(5)2™* + h(7)2 7S + h(9)27%] . (5.191)

= Po(2%) + 27 Pi(2%) (5.192)

h(0) + h(2)z7 + h(4)z72 + h(6)2 7 + h(8)2"* + A(10)2°
h(1) + h(3)z"" + h(5)2 2 + h(T)2™° + h(9)2~* (5.193)
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Now H (z) can be written as )

M~1
H(z)= Y 2™ Py(M) (5.194)
m=0
where
[(N4+1)/A1] | -
Pn(zM)= "N h(Mn4m)e™ 0<m<M-1 (5.195)

n=0
IfH(2)is partiti(.)ned into three sub-signals, then i :
H{(z) = h(0) + h(3)27% + h(6)275 + h(9)z™% + h(1)z~" + h(4)2~4
ATz +h(10)271° + h(2)2"2 + h(5)2 5+ h(8)2F  (5.196)
;,h(o) + h(3)27% +h(6)2 7" i h(9)z~9 + z?l[h(l) + h(4)273

. /

+h(7)27° + h(10)279%) + ;--2 [h(2) + h(5)2~3 +h(8)27°  (5.197)

=Rl R BB s S e
.. where - | , ; : / | | |
» - Po(2) = h(0) + h(3)? +h(6)z2+h(9)2"2 - (5.199)
 Pi(2) = h(1) + h(4)2" + h(7)z~2+ h(10)273- (5.200)
Po(2) = h(2) + h(5)27" + h(8)22 (5201) -
Here M =3 3
AM-1
H(z)= 3" 27™p, (:M) - (5.202)
m=0 )
[(N+1)/M] P
Pp(zM) = MWMn+m)2™ 0<m< oy (5.203)
n=0
(N +1) . N +1
[ a7 | denotes the integer part of YR g

The decomposition of H(z) in the form of Eq. (5.192)
as type | polyphase decomposition of the transfer function
fora general case of Af-sub signals,

and Eq. (5.198) is known
of order N. We know that

M-1 / |
H(z) = Z z_um(zM.) "0 (5.204

m=0
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here
4 (N+1)/A1)

P (z) = h(j\]'n =
m ngu +m)z=n OSmg,’Ubl (5.205)

-

w Eq. (5.204) can be realized 45 h ,
No . 8. 5.82 where each P (M)

be realized in direct form.
can ‘

x(n)
- o y(n)
| S
r4

P —()
L gt

OWn in the Fj

]

PM_z(ZM) 1

A

| Pz 3 | T

Fig. 5.82 -

If we replace m by M —1-min Eq. (5.204) we get the type 2 Polyphase
decomposition. . : 1

HZ) =Y Pyi-m(@™) - (5.206)
- m=0
M=1

=5 Qn(z") o (5.207)
m=0

Where ‘ ,
Qm(zM) = PM—l—m(ZM)

Replacing m by —m in Eq. (5.204) we obtain the type 3 polyphase representation

Gk 5.208)
H(z) ot Z ZmRm(zM)/ (

m=0

Where

Ro(zM) = Polz")
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