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CHAPTER 3

Laplace Transforms

3.1 Introduction

In the elementary calculus, the transforms are differentiation and
then integration. This means that, naturally the operations of trans-
form is one function into another function. For example, the function
f(x) = 2 is transformed into a linear function or a family of cubic
polynomials by the operations of differentiation or the integration

respectively.

In Mathematics, Laplace transform is a powerful technique to
obtain the solutions directly from the linear differential equations
(both ordinary and partial), without finding the general solution then
putting particular values. The Laplace transform has many impor-
tant applications in probability theory, electrical engineering, control

engineering, signal processing and so on.

3.1.1 Existence of Laplace Transforms (Nov.’10, Jan.’15)

Let f(t) be a function of ¢ defined for ¢ > 0, then the Laplace
transforms of f(t), denoted by L[f(t)] is defined by

LI (1) = /0 T et (t) dt = F(s)

provided the integral exists, s is a parameter which may be a real or
complex. Where L[f(t)] is clearly a function of s and the symbol L,

transforms f(t) into F(s), is called Laplace transformation operator.
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Note: 1. A function f(t) is said to be a piece wise (or) sectionally
continuous in a finite interval [a, b], if the interval can be divided into

a finite number of subintervals such that in each f(¢) is continuous.

2. A function f(¢) is said to be of the exponential order if

limy o0 e~ f(t) = a finite quantity.

Existence Conditions of Laplace Transforms
If f(t) be the function defined on t > 0 is,

1. a piecewise continuous in every finite interval in the range ¢ > 0.

2. of the exponential order [i.e., lim; oo e % f(¢) is finite] then
L[f(t)] exists.

Note : (1) The above conditions are sufficient and not necessary.
For example, L[1/+/t] exists, even though 1/v/% is infinite at ¢t = 0.

(2) Laplace transforms of all functions do not exist. For example

L[etz] does not exist, because f(t) = e!” is not of exponential order.

3.2 Laplace Transforms of Elementary Func-

tions
k.
1. Lkl=—; ifs>0
S
Proof:
[e'e] —st] 0 1
L[k =/ e Sk dt = kz[e } = k[O—} _
0 =5 1y —S s
1
2 L[t] = ?, lf s > O
Proof
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3. L[t"] = J%5; whenn=0,1,2,3, ... and s > 0.

Proof:
o o0 n d
Lt = / et dt = / e . (E> & [putting st = u]
0 0 S S
1 < I'n+1)
= s"*l/o e utdu = T
at 1 :
4. L") = ,if s —a>0.
s—a
Proof:
(o) o0
Lle™] = / e St dt = / e~ (5=t gy
0 0
—(s—a)t o 1
= 76 = . [ e—OO = 0:|
—(s—a) s—a
0
1
5. Ll = ——, ifs+a>0. (Nov.’11)
s+a
Proof:
(e.)
L[eat] — / efst efat dt _ / e*(SJra)t dt
0 0
ef(era)t e 1
| —(s+a)  s+a
6. L[sinat] = 2 a2 if s > 0.
Proof:
o0
Lisinat] = / e . sinat dt
0
e—st ) 0 a
= m(—ssmat—a.cosat) . = i
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7. Llcosat] =
Proof:

if s > 0.

__Ss _
52 +a2 ’

[e.9]
Licosat] = / e . cosat dt
0

e~ st o
= [22(—5 cosat + a.sinat)
s +a 0
s
s2+a?
. ) 1
Aliter [cosat + isinat] = L[e'] =

)
S —1a

[using result (3)]
s+ia

(s —ia)(s +ia)

s+ia

52 4 a?
s a

+1
52 4 a2 52 + a?

Equating real and imaginary parts then we get

L[cosat] +iL[sinat] =

s . a
R.P.: Lcosat] = 2xar LP.: L[sinat] = 21a2

8. Llsinhat] = —2— if s > |af

. simhat| = ———, 1L s > |aj.

2 _ g2
Proof:
at _ ,—at 1
Llsinhat] = L [626] =3 [L(e™) = L(e™™)]

11 11 a
- 2|s—a sH4a| @ s2—a?

S .
9. Llcoshat] = 22 if s > |al.
Proof:
at —at 1
L[coshat] = L [6—;6] =5 [L(e™) + L(e™™)]
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Simple Problems on Laplace Transforms
Example 3.2.1. Find Laplace transforms of following functions

(i) 3¢2 (i) e/t (i) & (iv) #3/20 (v) 2sindt (vi) 3cos 2t
(vii) 4sinh & (viii) cosh 2¢.

Solution .

3
: L 2t — L 2t — .
() LB = BLEY) = 2
1 2
Lie— (/20 _ _ _
(i) le ] s+ 3 25+ 3
t4 1y 14 1
@>LB]ZHW]anfU5

(iv) L[t3/2] _ I'3/2+1) _ %.%F(l/Q) _ 3/

5(3/2)+1 $5/2 455/2°
3
5 12
(V) L |:2 sin 3t:| = 2 % = 2 3 9 = 3 .
2 32+ (%) S —|—Z 4s ‘|‘9
. 3s
(vi)  L[3cos2t] = 3L[cos2t] = SRR
y ot 3 1
(vii) L [4smh 2] =4 L2 - (1)2] = 3 =1)
2
2
(viii) L [cosh t} - = 29 5
3 2 — (%) 9s° — 4

Example 3.2.2. Find the Laplace transforms of f(¢) defined as

et 0<t<4; t, for0<t<4;

<nﬂw:{a L (mf®={5,mmz4

. 1, 0<t<1,
i) fy =4 U7 HO<E<T oy =l 1<t <o
1, ift>r.
0, t>2.
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{et, 0<t<4

Solution . (i) Given f(to)O: 0 ts 4 (Apr’1l)
L] = / e~ f(t) di  [by the definition]
0
4 00
= / e Stet dt+/ e 5.0 dt
0 4
o—(s+t]?
o (s+1)
e—4(s+1) _q
B (s+1)

t, for0<t<4;
5, fort>4. (Apr.’06)

4 ()
e st dt+/ e St5 dt
4

(ii) Given f(t) =

LIf®)] =

hr—/%

e [t 0<t<r
(ili) Given f(t) = { 1, ift>r.

LIf(@®)]

t oo
e_St dt+/ e st dt
0 T
1 tefst efst T efst S
-5
0 T
B 1 [re—sT e—5T N 1 o e 5T
7| —s 2 82
1_678’7'
—— 5

TS
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1, 0<t<1;
(iv) Given f(t) =< t, 1<t<2;
0, t>2.

L[f(®)]

1 2 o)
= / e %1 dt—l—/ e st dt+/ e st dt
0 1 2
e—st 1 756—575 C_St 2
= + - +0
-5 |y —5 s 1
1—e*% 2728 g2 e s e *
= + T2 T2
s —s s -5 s
1 26—23 e~ 5 6_28

s S 52 s2

FEzxercise

Find Laplace transform of the following functions

L o<t<l,

(
(
(

) F(t)
i) ()
) (2)

1

v

t 0<t<1;
2—t 1<t<2;
0, t> 2.

cost 0<t <,

sint w<t<2m.

{Sint, 0<t<m

0, t > .

Answers

267
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3.3 Laplace Transforms of  Standard
Functions

3.3.1 Unit Step Function (or) Heaviside’s Unit Function:

In engineering problems, one frequently encounters functions that
are either "on” or "off”. For example, an external force acting on a
mechanical system or a voltage impressed on a circuit can be turned
off after a period of time. Then it is convenient to define a special
function that is the number 0 (off) up to a certain time ¢ = a and
then the number 1 (on) after that time. This function is called the

unit step function or Heaviside function.
Example 3.3.1. Find Laplace transform of unit step function.
(Apr.’11, Apr.’15)
The unit step function denoted by u(t — a) or u,(t) is defined as

[0, fort<a . i
u(t—a) = { 1 fort>a Where a is always positive.

The Laplace transform of unit step function is

Lu(t - a)] =/0 e~tu(t — a) dt
= /0 ’StOdtJr T et at

—st
. [e ] _
=S |, S

3.3.2 Dirac Delta Function (or) Unit Impulse Function

Mechanical systems are often acted on by an external force (or
emf in an electrical circuit) of large magnitude that acts only for
a very short period of time. For example, in the study of bending
beams, we have point loads which is equivalent to large pressure
acting over a very small area. To deal with such and similar ideas, we

introduce the unit impulse function also called Dirac delta function.
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Example 3.3.2. Find Laplace transform of unit impulse function.
(Nov.’05)

Thus the unit impulse function is considered as the limiting form

of the function 6.(t — a) = { (1)/6, Ztiei;isz + €

This can also be represented interms of two unit step functions as

S(t—a) = %{u(t—a)—u[t—(a+e)]} ()

0 a a-+e 1 0
Note that, / de(t —a) = / 0.dt +/ —dt +/ 0.dt = 1.
0 0 a € a+te

Taking Laplace transforms on both sides of (1), we get

Lot —a)] = L{u(t—a)—u[t—(a+¢€)]}

s B ef(aJre)s
S S

A= o=

The Dirac delta function denoted by d(t — a) is defined as

d(t —a) =1lim o (t — a).

e—0

Taking Laplace transform on both sides, we get

LIs(t —a)] = lim L[5(t —a)] [using (2)]
—as )iy 1 —e €
- ° £—>0 [ €S :|

Thus, in general the limiting form of d.(¢t—a) as e — 0 is expressed

as unit impulse function denoted by §(t — a) is defined as follows

oo, fort=a; o B B
o(t—a) { 0. fortta such that /OO O(t—a)dt=1.
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3.4 Properties of Laplace Transforms

3.4.1 Linear Property

If ¢; and co be any two constants and f and g any two functions

of t with Laplace transforms F'(s) and G(s) respectively, then we have

Llaf(t) £et)] = allft)]+eaLlt)] =aF(s) +od(s)
Proof: 00
Lief (1) £ eaglt)] = /0 e f(t) + cag(t)] dt

= cl/ e SHF(t) dt + 02/ e Stg(t) dt
0 0
= al[f(t)] £ c2Llg(?)]
= aF(s) £ G(s).
Hence the operator L is a linear.

Problems Based on Linear Property

Example 3.4.1. Find Laplace transforms of the following functions:
(i) t3 — 32 + 2, (ii) (e' 4 )2, (iii) 1+7§t (iv) sinvi, (v) &
(vi) cos?3t, (vii) cos®2t, (viii) sin2tcos3t, (ix) sintsin2t,

(x) cos(2t + 3)

Solution .

(i) L[*-3*+2] = L[t*] —3L[t*] +L[2]
_ 3t g2t 2
s s3 s
66 2
st 3 g

(i)  L[(e"+ e_t)Z] = L [e2t +2+ e_Qt]

1 2 1
s—2 s st2°
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L426] e o
(iii) L[ \/f] = L[t +2t }
ra/z  ,re/2) (1
S VD) +2 $3/2 . 5 =V
VT 24VF
= r 1) =nl
s s
. . r 2
(iv) W.kt. sinz = ﬂ—§+a_
3 5
Thus, sinvt = (\/i)—(\/i) +(ﬂ) - .
1 31 51
t1/2 t3/2 t5/2
R T T
. L[sinvt] = %L[ 1/2]—%L[t3/2]+éL[t5/2}—
CT(3/2) 1T(5/2) 1T(7/2)
T g3/2 3] $5/2 5l s7/2
_ I(3/2) 13I(3/2) 1530(3/2)
- $32 312 s3/2.5 ' 5122 3/2.52
_ IG/2) 11 1
e [1 Is 12112 }
2
[ 1 ay 1y
2 s3/2 1! \ 4s 2! \ 4s
— ﬁ —1/4s
- 2g3/2 € )
) 1%75 S DUMAVIR- SN S S
cefihy] = s e+ L+
’ 1—t¢ -

1 1 2t 3l <. n!
= g+5*2+8*3+5*4+ e = T;)S"Jrl‘
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(vi)  Lcos*3t] = L[ Jan.’15

(vii)  Llcos?2t] = L [3 cos 2t + cos 3(275)]

4
1
= 1 [3L(cos2t) + L(cos 6t)]
1 3s 5
1 [32—1—4 N s2+36]
s(s% 4 28)
(s2+4)(s>+36)

1
(viii) Lisin2tcos3t] = 3 L [sin 5t + sin(—t)]

1
= 3 [L(sin5t) — L(sint)]
15 1
2 [s2+25 s2+1
2(s? — 5)
s2+25)(s2+1)

(ix) L[sintsin2t] = = L[cost — cos3t]

(

1

2

1 s s

2 [s2+1 _32—1—9]
4s

(s +1)(s*+9)

(x)  Llcos(at+b)] = Lcosatcosb— sinatsinb]

= cosb L[cosat] —sinb L [sin at]

s . s
= cosb 5 5 —sinb 5
s+ a S

+a?’
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Ezercise
Find Laplace transform of the following functions
(i) 2t3—6t+8, (ii) 23 —e 73t (iii) (t2+1)? (iv) 4e 3 +5cos2t, (V)
cosh 3t +2e 73t +sin 2t, (vi) sin(at+b), (vii) cosh(5t+2), (viii) cos? 4t,
(ix) sin®2t, (x) cosh®2t, (xi) sin2tcos4t, (xii) sin2tsin 3t,

Answers

12 6 8 . s+9 . st+4s24+24 4 55
(1) 2 (if) s2—-9 (iff) s° (iv) 5+3 + s2+4

s 2 2 Lacosb+ ssinb , e? e 2
(V)82—9+s+3+52+4(m) s2 + a? (Vll)2(5—5)+2(s+5)

o 1 s . 48 s(s? — 28)
i) St ooy W mraezese M Toa62-30)
3 1 12

(xi) (xii) i

2436 s24+4 (s2 +1)(s2 + 25)

3.4.2 First Shifting Property

If L[f(t)] = F(s) then
(i) L [e™f(t)] = F (s —a) (i1) L [e=“ f(t)] = F (s +a)

Proof: 0o
By definition,  L[f(t)] — / e E(t) dt = F(s)
0

Ll ()] = /O T ettt £ (1) dt
R f(t) dt
0
= F(s—a).

Hence proved (i). Similarly to prove (ii) by replacing a by —a.
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Note: The above property can be rewritten as a working rule for

solving this type problems in the following way.
(@) Lleft)] = LIfO)lsss—a = [F(s)]5-q = Fs — a).
(i) Lle™™f(t)] = LIfO)lssta = [F(5)]s 40 = Fs +a).

Where s — (s—a) means that s is replaced by (s—a) and s — (s+a)
means that s is replaced by (s + a) in F(s).

Example 3.4.2. Find Laplace transform of the following functions

(i) et (ii) e %t (iii) e~¥t2 (iv) e¥t" (v) e cosbt (vi) e sinbt
(vii) e %cosbt (viii) e ¥sinbt (ix) e®sinhbt (x) e coshbt

(xi) e~ cosh bt (xii) e~ sinh bt

Solution .

1] 1
: at — — — =
(1) L [6 t] = L [t]sﬁsfa - |:82_ ea (S . a)2
1] 1
.o —at _ _ _
(11) L [6 t] - L[t]s—>s+a - |:82_ eta - (SJrCL)Q'
2! 2
—aty2 _ 2 _ —
(i) L] = L[t ]sﬁs+a - 53] cera | ra®
|
(IV) L [eattn] = L[tn]s—m—a = |::/+1:| (ApI',’]_4)
s S—Ss—a
n!
B (S _ a)n+1 )
(v) L[e™cosbt] = Llcosbt], ,, ,= [525+b2] (Apr.’14)
s—s—a
B s—a
 (s—a)2+ b7
b
(vi) L[e"sinbt] = L[sindt],,, , = [M] o
b
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S

33 —at

(vii) L[e cosbt} = Llcosbt],_,,., = [ML%HG
st+a

(s+a)2+0b%

—at - : b

(vili) L[e”*sinbt] = L[sinbt], ., = [ML_WF,I
b

(s+a)>+b%

(ix) L[e*coshbt] = L [coshbt] = LQS]
s—Ss—a

S—S—a
s—a
(s —a)?2 —b%

(x) L [ea’t sinhbt] = L/[sinh bt] = Lzb]
s—s—a

S—S—a

b
(s —a)?2—b%
(xi) L [e*“t coshbt] = L[coshbt], , ., = [S]
_sta
(s+a)?—b*
s—s+a

(xii) L [e “sinhbt] = L [sinhbt] = [

b
(s+a)?—0v%
Problems Based on First Shifting Property

Example 3.4.3. Find Laplace transforms of the following functions
(1) £7/2e3 (i) (1—te—t)? (i) (1;_t)Q (iv) e~ sin? 3t (v) e~2t cos® 2t (vi)
t% sinh 3t (vii) e~* sin 2¢ cos 3t (viii) €3 sin ¢ sin 2¢ (ix) sinh £ sin @t (x)
coshtsin2t (Nov.’14) (xi) sinh ¢ cos 2t

Solution .

r(I+1)

g5t

() LI = L) =

s—s—3
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NI~

(i) L [(1— te )’

(iv) Lle™*

sin? 3¢]

T AL

N NE) 105/7
~ 16(s — 3)9/2°

s—s—3

= L[1-3te " 43t% > —t’e ]
= L[] —3L[te”'] + 3L [t’e ] — L [t’e™™]

1
s

1 3 6 6

s (s+1)2 (s+2)2 (s+3)*

€—2t[1 _ t]—Q
e P [1+2t+3¢% + 487 + ]

L {e—Qt [L+2t+32+ 465+ ]}

= [L(1) +2L(t) + 3L(t*) + 4L(¢*) +
1! 2! |
{ I
S

21 31
(s+2)+(s+2) EPETIE

o

n!
2 Gro

n=0

] s—s+2

:| s—s+2

1 — cos6t

L[Sim2 3t]ss+1 = L[ 5

:| s—s+1

111 s
21s s2436 smratl
[ 82+36:|

(s+ 1)[(5 + 1)2 +36]

s—s+1

s—rs+2 L [t?)] s—s+3

1 1 2! 3!
ol BB
s s s—s+1 s s—s+2 S s—s+3
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(v) Lle ! cos®2t] =

Llcos® 2t]s_ys12
I [3 cos 2t4+ cos 6t

:| s—s+2

1 3s S
4[ 2+4 82+36L—>s+2
5%+ 28)
[524—4 82+36)L—>s+2
(s +2)[(s +2)% + 28]
[(s +2) +4][(s + 2)> + 36]°

- 2 o [ —e Lrsto 3,2
(vi)  t*sinh3t = ¢ — | = 5[6 t* — e
1
. L[t?sinh3t] = 3 [L(e*t?) — L(e™?4?)]
1 2 2
- 5 {L [t ]s—>5—3 - L [t ]s—>s+3}
gl (I W
2 53 s—s5—3 53 s—s5+3
B 11 18(s*+3)
- (5—3)3 (s+3)3 (s2—9)3
(vii) Lle 'sin2tcos3t] = L[sin2tcos3t]s si1

. B {sin 5t + sin(—t)}}

s—s+1

—_

= = [L(sin5t) — L(sint)]

s—s+1

:|s—>s+1
(32 —5) ]
(s2+25)(s2+1) |y o1
2[(s +1)2 — 5]
[(s+1)2+25][(s + 1)2+1]°

2
NI
~ 9 +25 §241

277
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(vili) Ll[e3sintsin2t] = L[sintsin2t]s s 3

1
= §L [cost — cos 3t]

s—s—3

B 1 s s
28241 s249],,, .

4s
[(82 +1)(s* + 9)] 353
4(s — 3)
[(s—3)2+1][(s—3)2+9]

V3

t
(ix) sinh 2 sin—t =

5 [et/z — e_t/Q} sin \gg t

[et/Q sin \23 t — et gin \éﬁ t]

— L [e‘t/z sin — V3 t] }
2

3
sin — t — L |sin £ t
2 ) 2
s—s—3 S—s+ 3

N = N

N

{ ;1}2+z‘[s+;112+z}
=

1
2-s+4+1 52+5+1}

[(s —5+1)(52+s+1)]

oS =l% % %

5
st4+s24+1 |
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(x) L[coshtsin2t] = L [<et —;et> siHQt} (Nov.’14)

— %{L[et sin 2¢] + Lle™" sin 2t]}
= % {L[sin2t]s(s—1) + L[sin2t]s(s41) }
b (Ea= I e
2 s2+4 s—(s—1) s? +4 s—(s+1)
B 1 1
B (3—1)2+44r (s+1)2+4°

(xi) L[sinhtcos2t] = [( )cos 2t]
= %{ e’ cos 2t] — L[e " cos2t] }
= %{ [cos 2t] sy (s—1) — L[cos 2t]s (541 }
- ME
2 5 +4 sos-1) LS4l
A (s—1) (s+1)
B 2[3—1 4 (s+1)2 +4]

Example 3.4.4. If L[f(t)] = F(s), show that

() Ll(simhat) f(1)] = 3[F(s — a) ~ F(s +a)],
(b) Li(coshat) f(t)] = %[F(s _a)+ F(s + a)]

Hence evaluate (i) sinh 2¢sin3t, (i) cosh 3t cos 2¢.

Solution .

() Lisimhan) f(5)] = L{5( — )50

1

= L) - L) S0
= S[F(s—a)~ F(s+a)]
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() Ll(coshat)f(t)] =

h

e eso)]
(LG £(8) + L) £ (1)

[F(s—a)+ F(s+a)].

[\)

N =N

(i)  L[(sinh2t)sin3t] =

h

1
5 sm 3t]
L(

[L( %! sin 3t) L(e_Qt)sin?)t)]

N = N =

3
[(3—2) 249 (s+2)2+9} ’
12s
st 4+10s2 +169°

(i)  L[(cosh3t)cos2t] = L B(e?’t + e73) cos 2t}

[L(e* cos2t) + L(e™™") cos 2t]

N — N —

§—2 §—2
[(3—3)2+42 * (3—3)24-42]
25(s% — 5)
st —10s%2 + 169

FEzxercise

Find Laplace transform of the following functions

(i) t3eP  (ii) e 3fsin2t (i) (¢t +2)%e3"  (iv) coshtcos2t
(v) e?sintcos2t (vi) e ![3sin2t — 5cosh2t] (vii) e sin¢

Answers
Q) 6 (ii) 2 (i) 4s% +30s + 50
(s —5)* 52+ 65+ 13 (s+3)2
(1)1 s—1 +1 s+1 ) 52 —4s+1
V0822545  252+25+5 ' (s2—4s+5)(s2 — 4s + 13)

6 5st5 2
$2+2s+5 s2+2s—3 (s+1)(s®+2s+5)
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3.4.3 Second Shifting Property

If L[f(t)] = F(s), then L[f(t — a).u(t — a)] = e"**F(s).
Proof:
Lif(t—a)u(t—a)] = /OO e S f(t —a)u(t — a) dt

0

_ /a et f(t —a).(0) dt + /OO e f(t —a) dt

0 a
= / e f(y) du  [Put t —a = u]
0

= eas/ e f(u) du
0
= e ¥F(s).
Note :
W.k.t the unit step function (put f(¢) =1)1is, Lu(t —a)] =e */s.

Various discontinuous functions can often be expressed in terms

of Heaviside unit step functions as follows:

[ A@), f0<t<a;
Iff(t)_{ f;(t), if t > a.

Then f(t) can be written as
f(&) = fu(t) + [f2(t) = fr(®)]u(t — a).

( f1<t>, if0<t<ag;
fa(), if a1 <t < as;
In general, f(t) = f3(t), ifaz <t < az;

fn—l(t)a if a2 <t <ap—_1;
fn(t), ift > an_q.

Then f(t) can be written as
f@) = fi(t) + [f2(t) = L@O]ut — ar) + [f3(t) — fa(D)]u(t — a2) +
e+ [nl®) = Far (D]t — an ).
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3.4.3.1 Problems Based on Second Shifting Property

Example 3.4.5. Find the Laplace transforms of given functions

: ~focos[t—2], t>2F; [ =22 t>2
wso={ e A O Ay
. N /o, 0<t<?Z

Solution . (i) Given f(t)= { cos [t — 2], t> 2

Let f1(t) =0, fo(t) = cos [t — ZF)] then f(t) is written as
f) = H@)+[f2(t) = fi(B)]ult - a)
— 0+ [ Qﬂj)} u(t_ 2;)
ron = e (1= ) (1-))

by using second shifting theorem,

2
= e “Llcost] wherea= %

867271'5/3
82417
. . 0, ifo<t<2
(ii) Given f(t) = { (t—2)2 ift>2

Let f1(t) =0, fo(t) = (t — 2)? then f(t) is written as

ft) = filt) + [f2(t) = L@O)]u(t — a)
= 0+ (t—2)%u (t—2)
L LIf(t)] = L[(t—2)%u(t—2)]

by using second shifting theorem,

= e “L[t?] wherea =2
26—25
s3
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Example 3.4.6. Express the following functions in terms of unit

step function and find its Laplace transform

. |0, ifo<t<d; . |0, if0<t<b;
(i) f(t)_{ sint, ift> . (i) f(t)_{ t—3, ift>5.
sint, if0<t<m;
(iii) f(t) = ¢ sin2t, if 7 <t <2m,
sindt, t > 2m.
0, ifo<t<3;

Solution . (i) Given f(t) = { sint. ift> T
) PR

To apply the second shifting theorem, express the functional val-

ues sint for ¢ > 7/2 in terms of ¢t — (7/2) then we have

|0, if0<t<3g;
g(t){ sin (t— ), ift>Z.

Let g1(t) =0, g2(t) = sin (¢ — 5) then g(t) can be written as
9(t) = g1(t) + [92(t) — g1 (D)]u(t — a)
= 0+ [sin(t— 5)} u(t—g)

 Ligit)] = L [Sin (t - g) u (t - g)}

by using second shifting theorem,

= e *Llsint] wherea= g

e—7rs/2
B
.. . 0, if0<t<b;
(i) Given f(t) = { t—3, ift>5.

To apply the second shifting theorem, express the functional val-
ues t — 3 for t > 5 in terms of ¢t — 5 i.e., express t — 3 as (t — 5) + 2

then we rewrite as

() = 0, if0<t<b;
TEI=\ (t=5)+2, ift>5.
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Let g1(t) =0, g2(t) = (t — 5) + 2 then g(t) can be written as

g(t) = gi(t) + [92(t) — g1 (D)]u(t — a)
= 0+[(t—5)+2u(t—05)
Llg®)] = L{[(t—=5)+2u(t-5)}
by using second shifting theorem,

= e ®L[t+2] wherea=5

1 2
= 6758 |:2 + :| .
S S

sint, if0<t<m,
(ili) Given f(t) = ¢ sin2¢, if © <t < 2m;
sin3t, t > 2.

Let fi(t) =sint, fa(t) = sin2t and f3(t) = sin 3¢ then,
f@) = (@) + () = LO)u(t —m) + [f3(t) = f2(8)]u(t — 27)
= sint + [sin 2t — sint]u(t — 7) + [sin 3t — sin 2t|u(t — 2m).

. L[f(t)] = L[sint]+ L[(sin2t — sint)u(t — )]
+ [sin 3t — sin 2t]u(t — 2m)
by using second shifting theorem and Lsinat] = ———
s“+a
1

= 211 + e ™ L[sin 2t — sint] — e~ >™ L[sin 3t — sin 2t]

1 —7s 2 1 N,y 3 2
21 ¢ [32—1—4 32+J ©|2r9 214

Note: On the other way, f(¢) in the above problem is written as,
f(t) = sint.Ju(t —0) —u(t — )] + sin 2¢.[u(t — 7) — u(t — 2m)]
+ sin 3t.u(t — 2m)
= sint + [sin2¢ — sint].u(t — 7) + [sin 3t — sin 2t].u(t — 27).
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Example 3.4.7. Obtain Laplace transform of following functions
(i) (t —1)3uy(t), (i) 4sin(t — 3)u(t —3), (iii) 4u(t — 7) cost,
(iv) e H1 — u(t — 2)]

Solution .
i) L[t —1Pu()] = Lt —1)ut—1)]

= L[(t—1)%u(t—1)], using second shifting

= e ®L[t’), wherea=1

_s3! 6e~*
= e ; = 54 .
(16)  L[4sin(t — 3)u(t —3)] = 4L[sin(t — 3)u(t — 3)]
using second shifting property
= 4e **L[sint], wherea=3
46735
st
(i)  L[du(t — w)cost] = 4L{u(t —7)cos|[(t —7) + 7]}
using second shifting property
= 4de *Llcos(t + )], wherea=m
= —4e ™ L[cost]
s
= e .
‘ [52 + 1]
(iv) L{e'1—-u(t-2)]} = Lle"—Lle  ut-2)
1
= 31 Lle7 =242 4yt — 2)] by second shifting
1
= — e L[e 2], where a = 2
s+1
1
— | _ 6_256_2L[6_t}

1 e—2(s+1)

s+1_ s+1
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FExercise

Find Laplace transforms of the following functions

. _ cos[t—%},t>%; .. _ sin[t—%ﬂ],t>2§;
wro={ & e U VORI i &
Express f(t) in terms of unit step function then find its Laplace

transform

et fo<t<3; . [t if0<t<3;
(Mfw_{m if £ > 3. <1V)f(t)_{?,,w?,.

sint, ift > 0, if0<t<1;
(V)f(t):{cost, P (vi) f(t) = t1_17 ;f>12<t<2;

Obtain Laplace transforms for the following functions

(vii) 4sin(t — 3)u(t —3), (viii) sintu(t —7), (ix) e Su(t — 2).

Answers
) Se—ﬂs/ﬁ - e—27rs/3
(1) T2 10 (11) B} )
s“+1 s“+1
1— e—3(s+1) . 1— 6—38
(i) —— . (——
5(1 _ e—sw) e—ST . e S —e 2s
) s2+1 241’ (vi) 52
. deT38 e
(vii) 2T (viii) 21
—(25+6)
(ix)
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3.4.4 Change of Scale Property
If L[f(t)] = F(s) then
@ Lif@) =2 F (%) )z [f (’f)} —a F(as)
Proof:
0 LifGet)] = [ e s d
_ /Ooo s/ () %“ [Put at =u .. dt = du/d]

_ 1 / e~ (/0 £ du

aJo

- 1)
o (B - [

o
t
= / e~ £ (1) adu [Put —=u .. dt =adu
0 a
oo
= a/ e~ @)U f(y) du
0
= aF (as).
Problems Based on Change of Scale Property
Example 3.4.8. Find L [%t“t] , given that L [SITM] = tan~! (%)
Solution . Since given result is

[0 < ()
t s

By the change scale of property,

L [smat} = 1tan_l (1) = ltan_1 (g>.
at a s/a a s
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3.5 Laplace Transform of ¢" f(t)

If L[f(t)] = F(s) then

L f(t)] = (_1)"%1:(3); n=123,.
Proof: -
By the definition L[f(f)] — / ) At = F(s)
0

Differentiating both sides w.r.to s, we get

% [ /0 T emstr () dt] _ d%F(s)

/O m%e‘“f(t) it = d%F(s)
/ ()=t f(1) dt = diF(s)
0 S
or / e SUtf(H)] dt = —%F(s).
0

Which proves the theorem to be true for n = 1.

Now we assume that the theorem to be true for n = m, so that

‘Awa“wv@nﬁ = R

ds™
d 00 m dm+1

. —stym — -1 : CON) 1
s e T f (b)) dt (-1) ) F(s) [by Leibnitz’s rule]
[e%¢) a - derl
— t"f)] dt = (-1)"——F
| gt sora = (<R )
[e'e) dm+1

| et a = <y

[e%¢) dm-i—l
or /0 et p) dt = (—1)™H T F ).

If the theorem is true for n = m, it is also true for n = m + 1. But it

is true for n = 1. Hence it istrueforn=14+1=2and n=2+1=3

and so on. Thus the theorem is true for all positive integers of n.
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Example 3.5.1. Find the Laplace transforms of following functions

(i) tcosat (May’14), (ii) tsinat (May’14), (iii t*sinat (Jan.’15),
(iv) t2 cosat
Solution .

(i)  Lltcosat] = —%L[Cosat} = —% [82_7‘_&2] (May’14)
(52 +a?) — 5.25 52 —a?
- -] < e
(i)  L[tsinat] = —iL[Sinat] = _4 [a} (May’14)
ds ds |s?+a?
—a.2s 2as
- |wtee] - e
2
(i)  L[t*sinat] = (—1)2d— Ll[sin at] (Jan.’15)

ds?
_ dd | a
 ds ds |s2+a?

- & [

»

_ oy [s* + a2]2 1 —s.[2(s% + a2).2s]]
= (s2 + a2)?
2a(3s% — a?)
= ey
2 s
(%) Liffeosat] = (-1 Lleonar] = - - [m]
_d (s2 +a?).1—5.2s _d a? — s?
T ds [ (s2 +a?)? ] ~ds [(524_@2)2}
(82 +a*]” (~25) - (a® — %).[2(? + a?).25]
= (32 +a2)4
B —25(8% + a?) — 4s.(a® — s?)
= (s2 + a2)3
25(s% — 3a?)

(s2 4+ a2)? -~
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Problems Based on L[t" f(t)]

Example 3.5.2. Find the Laplace transforms of following functions

(i) tcos?t, (i) tsin¢, (iii) tsinh®¢, (iv) tsin3tcos 2t (Apr’1ll),
(v) t2cos 3t (Apr’03) (vi) (tsinat)?, (vii) t3e 3¢

Solution .

d 1+ cos2t 1d |1 S
i) Lltcos’t] = (-1)—L|———|=—-—|-4+—5—
(i) Lft cos™¢] ( )ds [ 2 } 2ds |:8+82+4:|
o 1[=1 (P +4) 525
2| s? (s244)2

_ L1 -4

2|82 (s2+4)2]7

3sint — sin 3t __li 3 B 3
4  4ds |s24+1 s249

(ii) L[t sin® t] = (—1)%L [

_ —Z [_ (522+51>z * <322+89)z] N 32*8 [(52 i )2 <5219)2} ‘

d et — e t]3
(iii) L[tsinh®t] = (—1)dSL[ 5 ]
1d
L N P —t -3t
S ds [e 3e" + 3e e }
_ o ld[1 3 3 1
N 8ds |s—3 s—1 s+1 s+3
B 1 1 B 3 n 3 B 1
81(s—3)2 (s—=1)2 (s+1)2 (s+3)2]
Aliter 3
) ot — ot
Lltsinh®t] = L t( 5 >

1 3 3 1
(s—3)2 (s—1)2 (s+1)2 (s+3)2]




Laplace Transform 291
(iv) L[tsin3tcos2t] = (—1)% L [sin 3t cos 2t] (Apr’ll)
— (-1 )js L{l [sin(3t + 26) + sin(3t — 2t)]}
1 d 5 1
T 2ds {s2+25 32+1}
1 —10s —2s
) {(32 +25)2 " (s2+ 1)2}
5s S
S @rme T Err
a2
(v) L[t?cos3t] = (—1)2—2 Licos 3t] (Apr’03)
d
T ds ds [82 + 9}
d [(s*+9).1—5.2s d 9 — 52
T ds [ (s2+9)? ] T ds [<52+9)2]
[s2 4+ 9]% .(=25) — (9 — s2).[2(s* + 9).25]
B (s +9)1
—25(s? +9) — 45.(9 — s?) 253 — 5ds
B (s2+9)3 T (2493
(vi) Ll(tsinat)y = L [tQ (1_‘320826”5)}
2 72 2
_ 21) %L[l—cosQat] ;% [2—82 4(—94a2}
1d 1 (s? + 4a?) — 5.2s
- 2ds{_82_[ s? + 4a? ]}
1d 1 s? — 4a?
- i { o [}
172  25(12a% - s?%)
T2 [33 (s% 4 4a?)3 }
1 s(12a® — s?)
- s (s2 4 4a?)3
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‘s 3 -3t 3 d? —3t 3 d? 1
(Vll) L[t e ] = (-1) EL[@ ] = (-1) E 3+3
C(=pr3t 6
(s 4 3)3+1 N (s +3)*
3! 6
Aliter: L[t?e™3 = L[t} s13 = [] = .
iter [t°e™"] (7] s s+3 ] N (5438

Problems Based on L[e®t" f(t)]
Example 3.5.3. Find Laplace transforms of the following functions

(i) te"tsin3t, (ii) te* cost (Nov.’06), (iii) te~% cos 3t (Nov.’15),
(iv) t:‘Tﬂ‘t (Nov.’01) (v) te=?'sinh 3¢, (vi) tcoshtcost, (vii) t2e'sint
(Apr.’11) (viii) t2¢? cos 3t (Apr.’09)

Solution .

(i)  Llte *sin3t] = L[tsin3t]s_(s11) (1)
Ltsin3t] = (—1)% L[sin3t] = (_1)% [3234-9]
6s
— (2197 . (2)

Using (2) in (1), we have

¢ . B 6s B 6(s+1)
Lpesindt] = [(82+9)2L<s+l> T (25 10)7
(i)  L[te *'cost] = L[t cost]s—(s12) ..(1) (Nov.’06)
d d s
Lltcost] = (—1)£ Llcost] = (—1)£ [52_{_1]
s2+1) —s.2s s2—1
= (=1 ( (3211)2 ] MRS ..(2)

Using (2) in (1), we have

5?2 —1 } o (s+2)2-1  s*44s+3
2+ 12 vy [(s4+2)2+17  [s2+4s+5]
(i)  L[te *cos3t] = L[tcos 3t] s (s42) ..(1) (Nov.’15)

Llte ! cost] =
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Lltcos3t] = (—1)di Llcos3t] = (_1)d[ s ]

S ds |s24+9
~ (1) (32 + 9) d—s2s| s2-9 @)
N (s2 +9)2 (52 +9)2
Using (2) in (1), we have
(2 +92] L er) [(s 4 2)2 4 9]
_ s24+4s—5
[s2 +4s + 13]*

. tsint _ . .
(iv) L [ezt} = L[e * tsint] = Litsint]s(s42). (1) (Nov’01)

. d 1 2s
Using (2) in (1), we have
I {tsint] B { 2s } o 2(s+2)
e?! (82 + 1)2 s—(s+2) [52 +4s + 5}2 '
(v)  L[te *'sinh3t] = L[tsinh3t]s 0 (1)
_ d 3 6s
L[tsinh 3t] = (—1)£ [32 — 9] BCETE .(2)
Using (2) in (1), we have
L [te*Qt sinh3t] = [2682] = M
(8 - 9) s—(s+2) [52 +4s — 5]
Aliter: (63t _ €—3t) 1
Llte *sinh3t] = L {t62t2} = - {L(te") — L(te™®")}

L)

{<s(1 1>2> - <s+1 5)2} B ;{<s ff;ﬁff 5)2}
6(s+ 2

(s —1)2(s+5)2

N~ N
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t ot

(vi) Ljtcoshtcost] = L [t <e 26 ) cost}

[L(te' cost) — L(te™" cost)]

[L(tcost)s—ys—1 — L(tcost)s—si1]

e A (e J
(82 + 1)2 s—s—1 (82 + 1)2 s—s+1

52 —2s s? +2s
(s2—2s8+2)2 (s2+2s5+2)2

N~ NIR NP~

(vii) L [t*e'sint] = L[t2sint]5%(3,1) (1) (Apr.’11)

2
Lizsing] = (—12-L Lsing = dd[ ! ]

ds?

52+1 ]

_ % s2+1)2 2(52—1—1).23]}

82+1)

1 - 3s? } _ 2382 -1)
(32 + 1)3 (2)

- s24+1)3
Using (2) in (1), we have

2t gingl - 2(3s2 - 1) _2[3(s—1)*—1]
Lifesing] = [ (1 L(SU RNCE VT

_ 2[3s* =65+ 2]

B [s2 —2s + 2]
(viii) L [t2e2t cos3t] = L[t? cos 3t] s (s—2) ..(1) (Apr’09)

2 Licos 3t]

B [32 +9]

2
L[t* cos3t] = ( 1)2d
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[ = [

ds
B i 9— g2
 ds | (s2+9)2

[s2+9]% .(=25) — (9 — 52).[2(s2 + 9).25]

(s2+9)4
—25(s%2 +9) — 45.(9 — 5?)
- (s +9)3
253 — 545
= G .(2)
Using in (2) in (1), we have
L[2e* cos3t] — [252 - 545] _2(s— 2)3 — 54(s — 2)
(> +9)° | oy (om2) [(s —2)% +9)°
_ 2[s® —6s% + 125 — 8] — B4(s — 2)
- [s2 —4s+4+9)°
257 —125% — 305 + 92
B [s2 — 4s + 13]?
Ezxercise

Example 3.5.4. Find the Laplace transforms of given functions

(i) tcosh3t (ii) #(3sin2t — 2cos2t) (iii) ¢sin 3t cos2t (iv) tcos®¢
(v) t3sin2t (vi) tPcost (vii) e tsin3t (viii) te * cos2t
(ix) te %' sinh 2t (x) te 'cosht (xi) te”?! cosh2t (xii) t?e~*sin 2t
e 2 _t
(xiii) t°e~" cost. Answers
0 s2+9 (i) 8 + 125 — 25 (i) by, _ s
) ————= (i) ———— (iil
(s2—9)2 (s244)2 (s2425)2  (s2+1)?
(iv) 1[3s2—12 N 52 — 36 v) 4(3s% — 4) (i) 6s* — 3652 + 6
iv) - v vi
4| (s2+4)2  (s2+36)2 (s2+4)3 (s2+1)4
.. 6(s+4) L s(s+4) L 4A(s+2) s24+2s+2
(vii) (s 4 8s + 25)2 (vii) (s2 4 4s + 8)2 (i) s2(s+4)? (x) (s2 4 2s)2
s2+4s+8 . 4B8s2+6s—1) .. 2(s+1)(s%+ 25— 3)
——— (xii) (xiii)
s2(s+4)2 (s2+2s+5)3 (s2+2s+2)3

(xi)
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3.6 Laplace Transform of @
If L[f(t)] = F(s) then (Nov’03)
L {fit)] = /:o F(s) ds, provided }1_1)% fit) exists.

We have F(s) = /OO e Stf(t) dt
0

Integrating both sides w.r.to s from s to oo.

/:OF(S) ds = /:O/Oooe_“f(t) dt ds

Where s and ¢ are independent variables so that the order in the

double integration can be interchanged.

/SOOF(S) ds = /OOO /:O =S F(1) ds dt
- /Ooof(t)/:oe-st ds dt
_ /000 £(t) :e_ztr dt
= /Ooof(t) :O—Q_t] dt
— [T t)} gt [ =]
)
L [fﬂ - /:OF(S) ds.  Where Fls| = LIf(1)].

Note: Extending the above rule, we get
L [ft(;)] = /SOO/SOOF(S) dsds
t o0 oo o0
L {ft(n)] = /S /S /S F(s) (ds)"
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t
Problems based on fi)
. 1—6t .. efat_efbt
Example 3.6.1. Evaluate: (i) L[ - }, (ii) L[f}
(ii) L[ete;}} (Apr.’07), (iv) L[e —cosbt} (Apr.’06, Apr.’13),

(V) L[l cosat] (NOV 904) ( )L[cosattcosbt] (Vll) L[%hat] (Vlll)

L |:sm t] (NOV 705 Nov. a07) ( ) [QSinttSith] )

Solution .

(i) L[l_tet} - /:OL[l—et] ds = /:O[i_le ds

= [log(s) —log(s — 1) = {log< : )IO

= oo (=57)] L (55)
= log(1 )+1og( f1>_1 [ logl=0]
- log<s;1>.
(ii) L[M] - /S mL[e*at—e*bf} ds
B /:O L%l—a_sib] ds

= [log(s + a) —log(s +b)]3° = [log <212>r

o l1+a/s e (51O
& L+b/5) ] o E\s+b
—1
s+a 540
= log(1)+log<s+b> = log<s+a>.

o2t _ o3t
Evaluate : L {t} . (Apr’03)
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Replace a = 2 and b = 3 in the above problem and proceeding the

s s ; 543
steps as in the above, we get log (;—2) .
€t -1 (et _ 1)67275 eft _ 672t
() =ar = R
et -1 e—t o e—2t
L|—— EN i [ — )
[ T } [ ; } (Apr’07)
[The steps are as in (ii)]
~ 1o s+ 2
- % \sr1)e
e — cos bt oo
(iv) L {t} = / L[e* —cosbt] ds (Apr’06, Apr.’13)
oe 1 s
- - d
/S [s —a s*+ bz} §
_ ) o
= |log(s —a)— 5 log(s? + b2)}
— iog <H>]
L Vs2+b2 )],
B 1—a/s I ( s—a >
& VI+0E/s? )| & Vs? + b2
(T
N s—a |’
1 —cosat oo
(v) L — | = L[1 — cosat] ds (Nov.’04)
S
*TI1 s 1 >
_ i ~ ~ T oo(s? + a2
/S [s s2+a2} ds [og(s) 5 og(s“+a )L
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t— bt e
(vi) L [cosatcos / L [cosat — cosbt] ds

[ S
= — ds
32+a2 52 + b2
1
2
1
2
1
2

[log (s* +a*) — log (s* + bz)]zo
N
(o ()]s (5550))

Note: Evaluate : L [w] . Replace ¢ = 2 and b = 3 in the

5249
s244°

inh at > >
(vii)L[sth} = /S Lsinhat] ds = /S ﬁds
_ il s—a\|™
B 2a 8 s+a)l,
llog 1—a/s —llog s—a
2 14+a/s)], o 2 s+a

11 s+a

= =lo .

2 & s—a
1

above problem and proceeding then we get, log

(m)L(SH:f ) = 3 / L[l —cos2t] ds (Nov’05, Nov’07)
e s 1 1, ™
= 2/3 L 524_4} ds = 5 [logs 2log(s +4)L

1 o)
= §[logs—log\/s2+4]
- el bl
-2 B\ Viras o S\ V5?14

1 ( 52+4>
— 7]og .
2 S
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(ix)

I {2 sin ttsin 275}

= / L[2sintsin 2t] ds

= / Lcost — cos3t] ds

B /°° s s g = 1o 21\
— L 2 1 s2x9) T [2%%\219),
_ [ty 1+41/s N s*+1
-2 \arosr)] T 12 %\

B 11 s2+9

2%\ )

Example 3.6.2. Does L [Co%at] exist.

Solution . Let f(t) = cosat then limtﬁo%‘” = % = 00. Since

lims_,q @ does not exist. So that L [%‘”] does not exist.

Example 3.6.3. Find L [¥2]  Hence show that [;° =2 dt = 7.

Solution .

| 2mer — / Lisinat] ds = / 2 s
t s s s2+a?

~ a [i tanl(s/a)]oo

= tan !(00) — tan"!(s/a)

s

= 5= tan"!(s/a)

= cot !(s/a) = tan"'(a/s).

Now / FO g = i [ et S g

— lim L [Si‘t]

s—0

= limtan~'(1/s) where a =1
5—0

s
= t -1 - —.
an " (00) 5
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Ezxercise

Find the Laplace transforms of the following functions

sinat .. e l'sint ... e l'sint . 1 — cos 2t 1 —cosht

() T2 (i) S (i) S () o () —
(vi) cos 4tts1n 2t

Answers
s

(i) cot™ (2) (ii) cot™ (s +1) (iii) cot™(s+1) (iv) log <¢m>

(v og ( o= 1) i) L (2) = ant (2)]

Example 3.6.4. Find the Laplace transform f(t) = te ! cost+ S“;t—%
(May ’02, Nov’08, Nov’09)

Solution .

in 2¢
Let LIf(1)] = L [tet cost + ]
= L [te*t cost] +L [sm 2@
_ (1
To Find I: = hth W
I = Ltetcost] = Lltcost]s_(si1) .(2)
d d s
= (-1)— L = (1) |5
Now L[t cost] ( )ds [cost] ( )ds [324—1]
= (-1 M
(82 + 1)2
2
_ -1 .(3)
(52 + 1)2
Using (3) in (2), we have
2 _ 1)2 -1
Lite ' cost] = [8212} = %
(s + 1) ] (o) [(s+1)% + 1]
2
I - 5%+ 2s

[s2 + 25 + 2]
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To find Is:

- o
I, = L[Sm t} - / L[sin2¢] ds

Substitute I; and I values in equation (1) we get

s2 + 2s s

LIf(1)] = 2+ (3)

[s2 + 25+ 2
3.7 Initial and Final Value Theorems
[State and prove initial and final value theorems. | (Apr’12)
Statement: If L{f(¢)], L[f'(t)] are exist and L[f(t)] = F(s) then

(i) lim f(t) = SlimmsF(s) [I.V.T]

t— 0
(ii) tl_1>rrcl>of(t) = SleosF(s) [F.V.T)
Proof: To prove (i) [I.V.T]:
We know that L[f’(t)] sF(s) — f(0)
sF(s) = L[f'(t)] + f(0)
- /0 e/ (t) dt + £(0)

Taking limit as s — oo on both sides, we get

lim sF(s) = lim h e S f'(t) dt + £(0)
S§—00 S5—00 0
— 04 4(0)

ie. lim sF(s) = 7%im% f(t). Hence proved I.V.T.
—

§—00
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To prove (ii) [F.V.T]:
W.kt. L[f'(t)] = sF(s)— f(0)
SF(s) = L)+ 50 = [T des )
Taking limit as s — 0 on both sides, we get

li_r)% sF(s) = lim Ooe*s’ff’(t) dt + £(0)

s—0 0
_ /0 £y dt+ f0) = [FOIT + £(0)

= Tim £() — £(0) + £(0)
Thus limsF(s) = lim f(¢). Hence proved F.V.T.

s—0 t—o0

Example 3.7.1. Verify Initial and final value theorems for the func-

tions (i) f(t) = 1+e Y[sint+cost], (ii) f(t) = e (t+2)?,
(iii) f(£) = e~* cos?t, (iv) f(t) = L [ﬁ}
Solution . (i) Given f(t) = 1 + e ![sint + cost]. (Apr’08)

W.k.t. the Initial and final value theorems of Laplace transform,

(i) lim f(¢t) = lim sF(s). (i) tlggo f(t) = lim sF(s).

t—0 5—00 5—0

F(s) LIf(t)] = L]+ L [e *(sint + cost)]

1
= — + LJ[sint + cost]

s s—s+1

1 [ 1 s

s -52+1+82+1:|5~>s+1
1 [14+s
e

:|s%s+1
1 [ s+2
- F -
(s) s + _52—|—28+2:|
s+ 25
s2425+2|°

. . _ . —t . . _
. }g%f(t) = %gr(l) [1+ e *(sint + cost)] = 2 (1)

Thus sF(s) = 1—1—[
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i sF(s) = 1+ (552

5—+00 5—00 s2 425+ 2

[ s?[1+(2/s)] }
s?[L+(2/s) + (2/57)]

= 1+ lim

S§—00

N I B
- 1+040] 7 -(2)

From (1) and (2) we have lim;_,¢ f(t) = lims_ 00 SF(s) = 2.

Hence Initial value theorem is verified.

To verify F.V.T:

. - . —ty . o
tliglo f) = tliglo[l +e ‘(sint +cost)] = 1. -(3)
When t tends to oo before that e~ will reach to co. .. e=> = 0.
2
s“ 4+ 2s
i = 1 —_— = 1.
lg%sF[s] li% [1+ <52+28+2>:| --(4)

From (3)& (4) lim_,o f(t) = lims—o sF(s) =1 ... F.V.T. is verified.

(ii) Given f(t) = e t(t + 2)2.
(Apr.’05, Nov.’10, Nov.’13, Nov.’15)

W .k.t. the Initial and final value theorems of Laplace transform,

(i) lim f(t) = sllglo sF(s). (i) tlg(r)lo ft) = lim sF(s).

t—0 —0
Fl[s] = L[f(t)] = Lle"(t* + 4t +4)]
= L[t2 + 4t + 4]sa(s+1)
2! 1! 1
o $ $ s—(s+1)
2 4 4
Fo) = Gt e T5s1
2 4 4
Thus sF[s] = i i i

1P s+12 Tsyd

L lim £(t) = lim e (P +4t+4)] =4. [~ e =1 ..(Q1)
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2 4 4
lim sF[s] = lim [ i i i }
§—00 §—00

BA+1/sP  2A+1/s2 s+ 1/s)

o 2 4 4
B ﬁﬁL%LHmP+su+uwf*u+U$}
= 0+0+4 = 4. -(2)

From (1) and (2) lim;_o f(¢) = lims—00 sF(s) = 4.

Hence Initial value theorem is verified.

To verify F.V.T:

. o —t(2 _
A f0 = gl @4 a] = 00 L)
2s 4s 4s
limsF[s] = i = 0.
el = I T e Ter) T % e

From equations (3) and (4) lim—,o f(t) = lims_ sF'(s) = 0.

Hence Final value theorem is verified.

(iii) Given f(t) = e~!cos?t.
W.k.t. the Initial and final value theorems of Laplace transform,

(1) lim f(t) = lim sF(s). (i) lm f(¢t) = lim sF(s).

t—0 S—00 t—00 s—0

F(s) = L[f(t)]= L[e™" cos? t]

_e_t 1+ cos2t
L 2

'1+ s }
LS 82+4 s—(s+1)
1 s+1
T2
|s+1 s°4+2545
r 2
s
n s°+s .
s+1 s2+2s+5

Il
h

Thus sF(s) =

N~ NI~ N
1

. o —t 24
2lg%f(t) = }g%[e cos’t] = 1. (1)
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) o1 s s> +s
sli{goSF(s) B sll>r£102|:8—|—1+82+28+5:|
1 1 1+1/s
= lim - +
s—wo02 [14+1/s  142/s45/s?
1
= 5[1+1] = 1. -(2)

From (1) and (2) we have lim;_,¢ f(t) = lims_ 00 SF'(s) = 1.

Hence Initial value theorem is verified.

To verify F.V.T:

1 = 1 —t 2 = M -0 = 3
lim f(t) = lim [e~"cos®t] = 0. 2[ e 0] (3)
1 S s+ s

lim. sF'[s] 520 2 [3 1 2 rost 5} R

From (3) & (4) limy—soo f(t) = lims_,0 sF'(s) = 0. .. F.V.T. is verified.

k] - [ ]

_ /t o2 g [tezt B th]t
0 -2 4 0

L) = 3[1—2756—%—@—%].

(iv) Given f(t)

W.k.t. the Initial and final value theorems of Laplace transform is

() lim f(1) = lim sF(s).  (if) lim f(t) = lim sF(s).

1 1
F = —— .. sF|s] = —.
5] s(s+2)2 sFls (s+2)2
C _ o L —ot _ -2t
. %gr(l)f(t) = }g% 1 [1—2te " —e™™]
S R R 1
= 5 - (1)
. . 1
Jim sF[s] = Jm o5 = 0. +(2)

From (1) & (2) limy—0 f(t) = lims_y00 sF'(s) = 0. .. LV.T. is verified.
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To verify F.V.T.

. g L ot oy L
1th_glof(t) = th_f(r)lof [1—2te 1 —e ]1 =1 .(3)
Now lim sF[s] = lim-—— = -.

oW Sl_I}I(l) iy [8] 81_I>I(1) (S + 2)2 4 (4)

From equations (3) and (4) limy o0 f(2) = lim,_,0 sF(s) = 1.

Hence Final value theorem is verified.

Example 3.7.2. Verify initial and final value theorem for the func-
tion f(t) = t2e =% (Apr.’07, Apr.’14, Apr.’15)
Solution . Given f(t) = t?¢~* . W.k.t. the final value theorem of

Laplace transform is, limy_,o f(t) = lims_o sF'(s).

_ 2!
Fid = LI = Ll = |5]
§ s—(s+4)
2 2s
F[S] = m and SF(S) = m

W.k.t. the Initial and final value theorems of Laplace transform is

(7) im f(t) = lim sF(s).  (i7) tliglo f(t) = lim sF(s).

t—0 8§—00 s—0
_ (1)
R -1 2 —4t _ (
) = e =0
lim sF[s] = lim = lim ———3 = 0. ..(2)
$—00 $—00 (5 + 4)3 500 g2 (1 + 4/3)

From (1) & (2) limy—o f(t) = lims_y00 $F'(s) = 0. .. LV.T. is verified.

To verify F.V.T.

. _ : 2 —4t __ .. ,—00 __
Now th_glof(t) = th_}rgote =0 [ e =0]
2s
li Fls] = lim — = 0.
si>r(r)ly 5 [8] SI_I)I(I) (S =+ 4)3 0

So that lim;_o f(t) = lims_o sF(s) = 0. . F.V.T. is verified.

Ezxercise
Verify initial and final value theorems of the functions
(i) 1—e~t (Jan.’16) (ii) t?e =3¢, (iii) 3e~2, (iv) 2+t?+sint (Nov.’12)
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3.8 Laplace Transforms of Derivatives

Theorem : If f'(t) be continuous and L[f(t)] = F(s), then
LIf'(#)] = sF(s) = f(0).

Proof:
By definition, L[f(t)] = /OooeStf(t) dt
Then L[f'(t)] = /O ooefsff’(t) dt
= )y = [ e
— - FO]+s [ e de
0
L) = sF(s) - (0). (1)
Note:

If f/(t) and f”(t) derivatives are continuous, then replace f’(¢)
by f”(t) in the equation (1), we get
L[f"(t)] = sLIf'(t)] = f'(0)
= [ F(s) = f(0)] = £'(0)
= s°F(s) = sf(0) = f'(0).

Do this similar procedure, if f’(t) and its first (n — 1) derivatives be

continuous, then we get
LIfMt)] = s"F(s) = "1 f(0) = s"2f'(0) = s" 2 £7(0) — ... — f*71(0).
3.9 Laplace Transforms of Integrals

3.9.1 Evaluation of Integrals by Using Laplace Transforms

In the case of evaluation of integrals using Laplace transform,
first we compare the given integrals with Laplace transforms and

make the suitable substitution for the parameter s then evaluate it.
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Problems Based on Evaluation of Integrals

—3t

Example 3.9.1. Prove that fooo e_t%e dt = log 3, using Laplace

9
transform. (Nov’05)

Solution .

oo —t _ 3t —t _ -3t
Gien [T e = L[ O
0 t t 4=0
-t _ =3t 00
I e _ / 1 s
t s s+1 s43
S s+ 1\
N & s+3)],
1 s+3
= log( =) .(2)

)., - o
(i)
(iii)

Using (2) in (1), we have

/oo eft o efSt 5 = |: (
0 t

Example 3.9.2. Evaluate the integrals :

fO [cosattc%bt] dt

(ii fooo e 2t sin3tdt (Nov’10, Jan.’15), fooo Sltr;tt dt
Solution .
(i) Given /”m—cosbtdt _ L[cosat—cosbt] )
0 t t o
cos at — cos bt 00 s s
== _ _ p
[ t } / L?+a2 32+b2] ’

_ 1 o s24+a?\1™

- 2| %\ 2 s

_ 1 [ s? + b2

B & 32 + a2 (2)
Using (2) in (1), we get

oo _ 2 2
/ cos at — cos bt it = |log s*+b
0 t V 52 4 a2

s=0
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(i) Given [ e 2!t sin3t dt = L[t sin3t]s—9 (1)
d 3 6s
Lltsin3t] = (-1)— || =
[ S ] ( )dS |:S2—|—9:| (82+9)2 (2)
Using (2) in (1), we have
o 65 12
—2t .
t gtdt = |—5—= = —.
fyoeen [<s2+9>2]s:2 169
> gin? ¢ * sin?t
ii)  Gi dt = - dt
(iii) iven /0 it [/ 2 ( : ) Ll (1)
I (sin2t> _ lL {1 — cos?t]
t 2
_ 1/
2 52 + 4 ds
- e
= 5 32
1 \/32
= glog (2)
Using (2) in (1), we get
> sin?t 1 s2+4 1
/0 e dt [2 og( . ~ 1 og(5)

3.9.2 Laplace Transforms of Integrals
Theorem : If L[f(t)] = F(s), then L [fo du} =1p(s).

S

Proof:

Let ¢(t) — /0 " f(w) du, then ¢/(t) = f(t) and $(0) =
Wkt L&) = sb(s)— 6(0)

o B(s) = L0

e L [/Otf(u) du] - EF(S).
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Problems Based on Laplace Transforms of Integrals

Example 3.9.3. Evaluate :

t
(May’02)(iii) L [t fot et sin 3tdt] (iv) L [% Ote*t sint dt} (Apr.’08)
(v) L {f[f tet sintdt] (Nov.’14)

(i) L[fot wdt} (Nov’01, May’15) (ii) L[e*% fottsintdt}

Solution . (i) By the theorem on Laplace transform of integral,

t
1
L [/ f(t) dt} = - F[s]
0 S
" sint 1 [sint
Given L [/ % dt} = -L {SI?] (Nov’01, May’15)
0 S
1 o
= / L [sint] ds
S S
1 /> 1
s 241 ds
1 1
= 5 [tan 1(3)] =3 [g—tan_l(s)
1 ~1
= - cot "s
s
t t
(i) L |:6_2t/ tsint dt} = L [/ tsint dt] (May’02)
0 0 s—(s+2)
by the theorem of LT of integral
1
= L[tsint]}
] {s so(542) (1)
1 2s
Litsi O I D I R
[tsin ( )ds [32 +1 (s2+1)2 -(2)

Using (2) in (1), we have

¢ 1 2s 2
e fomea] = (L2 e
[6 o o s |02 [ pyey [+ 4ds 152

(iii) L[t/ote‘“sin?)tdt} = (—1)%L [/Ote‘“sin?)tdt} 0
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t
1
Now L [ / e sin 3t dt} = = L[e*sin 3¢
0 S
by the theorem on LT of integral
...
= L3t

s
_ 1[ 3 }
s 52+9 s—(s—4)
S R
s |(s—4)2%2+9
_ 3
83— 852+ 25s -(2)
Using (2) in (1), we get
¢ d 3
L |t Ysin3tdt| = (-1)— | ————
[/Oe s } ( )ds [53—832—1—255}
9s% — 485 + 75

(s3 — 8s2 + 255)2

. 1 ¢ —t - OO ! —t 3
(iv) L [t/o e 'sint dt] = /s L [/0 e 'sint dt} ds(l) (Apr’08)
t 1
L {/ e ! sint dt] = 5 L[e "sint]
0

by the theorem on LT of integral

1. 1 1
- e = [at]

1 1 1
T [(34—1)2—#1] T s (2425 +2) -(2)
On resolving the equation (2) into partial fractions, we get

1 A Bs+C

s(s2+25+2) s * (s2+2s5+2)
Multiplying both sides by s.(s* 4 2s + 2), we get

1 = A(s*+25+2)+ (Bs+C)s .(3)
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Put s = 0 in (3) | Comparing s? coefficients : | Comparing s coeff. :

L

1=2A4 0=A+1B 0=2A+C
= A= % Substitute A value we get | Substitute A value
B=—3 C=-1

1 [t ‘ < lA Bs+C
- —t — e Rt R |
[t/o e 'sint dt} /s [s +(52+23+2)] s

substitute A, B and C values, we get

* |1 —2s—1 1 [>*]1 542
24 2 = = — = sy | 48
s |s  (s2+2s+2) 2 ), |s (s2+2s+2)

on resolving the integrand into partial fractions,

l/oo }_ s+1 B 1 ds
2 /s s (s+1)2+1 (s+1)2+41

1 1 . oo
~ [logs — = log[(s + 1) + 1] +cot ! (s + 1)
2 | 2 .
L -1 < ) + cot ™ (s + )ro
—|lo
2] s Vs +2s+2 s
1 (VF2s+2
= log< STt ) cot ™ H(s+1)] .
2
-t
L / te 'sint dt] -1 [te™" sint] (May’15)
LJo §

by the theorem of LT of integral

{
{ {(_DCZ' 521“] s—)(s-‘r—l)}

]
s (s> + 1% ] oo orn)

- Eroe)
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FExercise

Evaluate the following integrals using Laplace transforms

N - > e % — cos bt
) / te™ cos 2t dt (i) / t2esint dt (i) / % dt
0 0 0

(iv) /0°° e (1 — cost) i (v) /OOO e tsin /3t "

t t
(vi) /000‘3%;6“ dt (vii) /Oooet_te?)t dt
Answers
Q) %9 (i) % (iff) log (Z) (iv) %log2 () 5 (i) log2, (vii) log3.
Ezxercise

Evaluate the following Laplace transforms of integrals
t ¢ t t

(i) / te~tdt (ii) / e 2sintdt (iii) / tsintdt (iv) / te~ 4 sin 3t dt
0 0 0 0

tl* —t t ot t t
(v) / te At (vi) / ¢ Stm dt (vii) e 2 / tsin 2t dt
0 0

0
t t /1 " tgint
iii) e~ t“costdt (ix) e ~ o oSt t(x) e st t
viii t 2 d : 2t d t d
0 0 t o t

t t
(xi) ¢ / e 2sin2t dt (xii) t / e Y sin 3t dt.
0 0

Answers
(i) s(lerl)Z (ii) 5(52—|—123—i—2) (iii) (SQ_QH)Q (iv) 8(52%881__?25)2
) élog (s = 1> (vi) écot_l(s ~1) (vid) W“HW
(viii) ?gjziiﬁg () 55 108 (zz i jﬁ TL i) (3 Jlr peot s+

2(3s? + 8s + 8) 3(3s% + 16s + 25)
(xi) 5 5 (xi) 5 2"
s2(s2 4+ 4s+38) s2(s? + 8s + 25)
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3.10 Laplace Transforms of  Periodic
Functions

Periodic Functions:

A function f(t) is said to be periodic with period T if for all
values of ¢, f(t+T) = f(t). The least value of T' > 0 is called period.

For example, sint, cost are periodic functions with period 27 and

tant is also a periodic function with period .

Theorem: If f(¢) is a periodic function with period 7', then

T
W) = o [ O d (Novoor)

Proof: By the definition of Laplace transform,
00 T o0
LF()] = / () di = / eE(E) dt+ / e E(E) dt
0 0 T
In the second integral Putting ¢t = x + 1" and differentiating dt = dz.
When t =T, x =0 and t = 0o, x = oo then the second integral is

T 00
Lif()] = /0 e F(t) dt + / ¢(T) (T 4 2 da

0

T )
= / e StF(t) dt + eST/ e " f(x) dz
0

0

L f(T+ ) = f(2)]
T 00
= / e St f(t) dt+e—5T/ e Stf(t) dt
0

0

T
L) = /0 et f(t) dt + e~ TLf(1)

T
e LUFO) = TL0] = [ e a

T
N 0 p—— /0 et (1) dt.

1—esT
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Example 3.10.1. Find the Laplace transform of

t, for 0 <t <a;
f(t)_{ 2a —t, for a<t<2a.

(Nov.’05, Nov.’07, Nov.’10, Nov.’12, Apr.’14, Jan.’15)

and f(t + 2a) = f(¢) for all t.

Solution . Given function f(¢) has a period 7" = 2a. W .k.t Laplace

transform for the the periodic function is,

1 T 1 2a
0] = o [ O = i [ 0 @

1 a 2a
= T [/ e "t dt +/ e *(2a — t) dt]
1—e¢ 0 a

u=t dv = e 5 dt U= (2a-t)
u =1 v=re"/(-5) U=-1
u’ =0 v = e 5t/s? U’'=0

o 1 / a U U/ 2a

T ] = e—2as {[UU—UU1]0+[ v Ul]a }

1 [test e [(2a—t) e s 5t
l—e 288 || —s s? 1, -5 s? |,

1 ae~ %5 e—as 1 6—2as ae~ %5 e—as
T 1—e s —s 82 +32]+[ 2 —s 32}}
_ 1 [e7205 — 275 41
- e e

B 1 (1—e®)?] 1 [1—e
(14 emas)(1 — emas) 52 T s2 [1-1-6“5}

1 eas/2 _ 6—(15/2 1 as
ol P L (%),
S

? eas/2 | e—as/2 2

Example 3.10.2. Find the Laplace transform of

t, for 0 <t <1,

f(t):{ 9t for 1<t<2 and f(t+2) = f(t) for all t.

(Nov.’06, Nov.’10)
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Solution . Given function f(t) has a period T' = 2. Replace a = 1

in the above worked example and E)roceed the steps , we get

s
LIf®)] = — tank (5) .
Example 3.10.3. Find the Laplace transform of
t for 0<t<2;
s ={ " SES2nd (4 4) = £,
4—+t, for 2<t<4. (Apr.’03)

Solution . Given function f(¢) has a period T' = 4. Replace a = 2
in the above worked example and proceed the steps as in the above,
we get 1

L[f(t) = 2 tanh (s) .

Example 3.10.4. Find the Laplace transform of

f(t)—{ K, for 0<t<a; and f(t +2a) = f(t). (Apr.14)

—K, for a<t<2a.
Solution . Given function f(¢) has a period 7' = 2a. We know that

the Laplace transform for the the periodic function is,
1 T . 1 2a .
WOl = i [ et de = g [ e o)
0 e 0

1—esT

_ ﬁ anesf(f() dt+/:aest(—K) dt]
_stva o—st72a

- 1—5—2“8 {[ ] [_ s L}
25 oas

- 1—5—2‘” {[ }_[_ s TS ]}

K 1 — 26—2as + e—2as
1— 6—2a5 |: :|

(&
e

S 1o

—as 1
+ —_

S S

S

:K[u—eW]:K[l—fj

1 — (e—as)? s |1+e9s

_ K el K  [%]
- eas/2+€fas/2 T g an 2
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Example 3.10.5. Find the Laplace transform of the square wave
E for 0 <t <¥;

. — ) — — 2
function f(t) { B, for f<t<a
(May’02 , Nov.’04, Nov.’14)

with period a.

Solution . Given function f(¢) has a period T = a. W.k.t Laplace

transform for the the periodic function is,

T a
LIf)] = 1_2-@/0 e f(t) dt = 1_16_%/0 e~ f(t) dt

1 a/2 a
= / e ' E dt+/ e S —E) dt
1—eas a/2
E e~ st a/2 e~ st a
= (e N e W
E { [ —as/2 ] [ e—as e—as/?] }
= PE—— — — _|_
1—e—as s s

E [1 e—as/2 4 o—as E (1 _ e—as/2)2]
1—eas s s 11— (e—as/2)2
_ E 1— e—as/2]
s |14eas/2
E leas/4 _ e—as/4]
5 |eas/4 4 e—as/4
£

- tanh[4]

Example 3.10.6. Find the Laplace transform of the function

_ 1, for 0<t<g,
f(t)—{ 1, for f<t<a and f(t+a) = f(t) for t > 0.

(May.’02, Apr.’08, Nov.’09)
Solution . The given function f(¢) has a period T' = a. Replace
E =1 in the above worked example and proceed the steps as in the

above, we get

Lift) = étanh {%}
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Example 3.10.7. Find the Laplace transform of

—-F for 0 <t <,
7(t) = { ’ ' and St +27) = (1)
E, for w<t<2rm. (Apr.’12, May’15)

Solution . Given function f(t) has a period T' = 2w. We know that

the Laplace transform for the the periodic function is,

T 2
0] = o [ M@ = e [Tt a

1 —esT

1 T 21
— 77271’8 |:/ G—St(—E) dt + / C_StE dt:|
1—e 0 T
{ efst ™ efst 27
-
s 0 s s
E e~ TS 1 6727rs e~ s
= ———— - |-——+=|+ |- -
1—e S s S S

_ —E 1 — ¢~ TS + 67271'3

- 1—e 27 s

_ mfaem?] _m e

T s |1-(em™)?2| T s [l4e
—E e71'5/2 . 6—7rs/2 _E s

T s |ems2 + e—s/2 T s tanh [7}

Example 3.10.8. Find the Laplace transform of

t, for 0 <t<m, —
f(t)_{ on—t. for m<t<or and f(t + 2a) = f(t) for all t.
(Jan.’16)

Solution . Given function f(t) has a period T' = 27w. W k.t Laplace

transform for the the periodic function is,

T 2m
L0 = o [ O A = i [

1 T . 2 .
= — e st dt+/ e st(2r —t) dt]
1— e—27rs |:/0 -
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u=t dv = e 5t dt U=(2n—1t)
u =1 v=re"%/(-s) U =-1
u’" =0 vy = e /s? U’'=0
1 s s
il {[uvfu'vl]o + [UU—U’Ul]i }

1 te st est]" (2m —t) e™st  est o
1 — e—2ms -5 CE —s 52

1 e~ TS e~ TS 1 67271’5 e~ TS e~ s
T 1—e 2 {[ —s 2 +52}+[ 2 —s s }}

1 |:6—27rs —92e” TS L 1:|
1— (e7)?

B 1 1—e™? 1 [1-eT™
(14 e m)(1 — emms) 52 T8 [14—6—”5}

1 €7rs/2 _ 6—71'8/2 1 s
<2 ems/2 | g—ms/2 - ? tanh <7> ’

52

S

Example 3.10.9. Find the Laplace transform of

sinwt, for 0<t<Z; . . -
f(t) = { w’ with period 2. (Apr.’03)

2
0, for & <t <7

w
Solution . Given function f(t) has a period 7' = 2. W k.t Laplace

transform for the the periodic function is,

T
L) = /0 e f(t) dt

1
1 — e—2sm/w 0

1 T /w .
_ —st
e /0 e “'sinwt dt + 0

1 efst m/w
= [ 5 (—ssinwt — wcos wt)]

1—e2sm/w | g2 4 0

1
1 — e—2sm/w
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e ST/ Wy w
S A110)) [ il

1 — e—2sm/w [32 + w2] [1 _ e—sw/w] [82 + ’LUQ] .

Example 3.10.10. Find the Laplace transform of

sint, for 0<t<m; . .
f(t) = { 0, for m <t < . with period 2. (Nov.’11)
Solution . The given function f(¢) has a period T" = 2m. Replace
w = 1 in the above worked example and proceed the steps as in the

P L) =

Ezxercise
Find the Laplace transform of the function

. B 1, forO0<t<m
(i) f(t)—{ —1, form<t<2m.
. t, forO0<t<m;

(ii) f(t)—{ 0, form<t<2m.

(iii) f(t) :{ gf(/;é_t) 2::;@ and f(t +2a) = f(t).

and f(t+2m) = f(t).

and f(t+2m) = f(1).

. cost, for0<t<m, _
(iv) f(t) = { 0, for m <t < 2. and f(t+2m) = f(2).

(v) saw-tooth wave function f(t), which is periodic with period
1 and defined as f(t) = kt,in 0 <t < 1.

(vi) full-sine wave rectifier function f(¢) = |sinwt|, t > 0
with period 7.

(vi) f(t) = |coswt|, t > 0 with period Z.

Answers
A1 ST .. 1 1—e™ qes™| | FE sa
(1); tanh <?) (i) == [ 2, } (111)$ tanh (;)
. s k ke™*
(iv) (s2+1)(1 —e ™) (v) 2 s(1—e9)

1
(vi) ﬁ coth [%] (vii) P [5 + wcosech (%)] .
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3.11 Laplace Transform - Two Marks

Question 3.11.1. Define Laplace transform. (Nov.’10, Jan.’15)

Solution . Let f(¢) is a function of ¢ defined for ¢ > 0 then the
Laplace transform of f(t), denoted by L[f(t)] or F(s), defined as

L{f(t)] = / e *'f(t) dt = F(s), provided the integral exists.
0

Question 3.11.2. State existence conditions of Laplace transforms.

Statement : If f(¢) be the function defined on ¢t > 0 is,

(i) a piecewise continuous in every finite interval in the range ¢t > 0.
(i) of the exponential order [i.e., lim; o e~ f() is finite]

then L[f(t)] exists.

Question 3.11.3. State the conditions under which L[f(¢)] exists.

Solution . If f(t) is a piecewise continuous on ¢t > 0 and is of expo-

nential order, i.e., lim; o f(f) = a finite quantity.

Question 3.11.4. Give any two examples that the functions have

no Laplace transform.

Solution . The functions e!” and tant have no Laplace transform.

Since the exponential order of these functions do not exist.

t2
. o 42 . e
lim e % = lim — = oo
t—00 t—oo eSt
. _ . tant 00
lim e *'tant = lim = —.
t—00 t—oo eSt o0

Question 3.11.5. Give an example of a function such that if it has
Laplace transform but does not satisfy the continuity condition.

Solution . The function f(t) = t~'/2 then L[t~/?] = V/Z. But the

1/2 1/2

function t~%/“ — oo as t — 0 from the right hand side. So that ¢t~

is not piecewise continuous on every finite interval in (0, o).
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Question 3.11.6. Can the Laplace transform of Coiat exist?
Solution .
t 2t
No. Since lim e~8tS2% — i 222 _
t—00 t t—oo test
Question 3.11.7. Prove that: L[1] = %; s>0 (May’12)
Proof:

0 —st] ° 1 1
Lll] = / e S dt = [e } = [0—} = .
0 =5 ] —S s

Question 3.11.8. Prove that: Lje™%] = -1 if s > —a. (Nov’11)

s+a’
Proof:

L[e¥] = /OO e~ (Tt gt = AL D -
0 —(s+a) o s+a
Question 3.11.9. Lfcosat] = 575, if s > 0.
Proof:
o0
Licosat] = / e . cosat dt
0
e~ st ©
= [H(—scosat—ka.sinat)]
s“+a 0
B s
s2 +a?’
Question 3.11.10. Evaluate fooo e cos 3t dt (Nov’10)
Solution .
oo s 2
/0 e 2 cos3t dt = Llcos3t]s—y = [M] . = 3
Question 3.11.11. Find L[5!]. (Jan.’16)
Answer .
1
L[5t] _ L[elog5t] _ L[etlogé’)] _

s —logh
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Question 3.11.12. Find L[2f].

Answer . L[2!] = L[e'°82'] = L[etlos?] = @
Question 3.11.13. Find L [t? — 2]. (Nov.’12)
Solution .
20 2
L#*-2] =L -L[2 == -~
-2 = L[ L = 5 -
Question 3.11.14. Find L [t3 — 3t* + 2]. (Apr.’11)
Solution .
L[t*=3t>+2] = L[t*] -3L[¢*]+L[]2] = 8542
st 83 s
Question 3.11.15. Find L [(e! +e7")?].
Solution .
1 2 1
t, —1\2] _ 2t —2t7 _
Le"+e™?] = Lle*+24+¢ %] = E+g+ﬁ7'
Question 3.11.16. Find L [H—\/%t} .
Solution .
L+2t] “12 o2 T(A/2)  JT(3/2)
L [\/E] = L] = T+ 25
VT 24 T [
= — r== r 1) =nl
1
- \ﬁ [H].
s s
Question 3.11.17. Find Laplace transform of the function ﬁ

Solution . Wk.t. i = [1—t]7! = 14+t+£24+83 411+ ...

L[lit} = L[]+ L[t] + L[t}] + L[t*) + L[tY] + ...

1 11 2! 3l . n!
= g+?+?+g+...zzﬁ.

n=0
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Question 3.11.18. Find Llsin® 3t].

Solution .

Llsin?3t] = L[l—cozs2(3t)] = %[L(l)—L(cosGt)]
11 S _ 18
N 2[3_52+36] T s(s2+36)

Question 3.11.19. Find L|cos® 2¢].

Lcos® 2t]

3 cos 2t + cos 3(2t)

Solution .
L]

il

4

4
3s
s2+14

s
52+ 36

|

Question 3.11.20. Find Lisin 3¢ cos 4¢].

Solution .

L[sin 3t cos 4t]

1 7

L [; (sin 7t + sin(—t))}

1

] = i [3L(cos2t) + L(cos 6t)]

s(s? 4 28)
(s2+4)(s2+36)

(May’15)

% (L(sin7¢) — L(sint)]

2

|

Question 3.11.21. Find L[sin 3¢ cost].

Solution .

Lisin 3t cos t]

2449 241

1
L [2 (sin4t + sin 2t)]

B 3(s2—17)
} (2 +49)(s2+1)°
(Apr.’13)

[L(sin4t) — L(sin 2t)]

N

s2—8

} _

(s2 4+ 16)(s2 +25)°

% [L(cost) — L(cos 3t)]

1 4 2
© 2[s2416  s*+4
Question 3.11.22. Find L[sin tsin 2¢].
Solution .
1
Llsintsin2t] = L [2 (cost — cos 3t)

S S

|

4s

.|

2+1 s+

|

9 (s2+1)(s2+9)°
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Question 3.11.23. Find L{cos(at + b)].

Solution .
Llcos(at +b)] = L [cosatcosb — sin at sin b]
= cosb L[cosat] —sinb L [sin at]
s ) s
= COS bm — Sin bm
Question 3.11.24. Find L[t cosat]. (Nov’10)
Solution .
d d 5
Lltcosat] = —%L[COS at] = — o [M]
B (s* +a?)1—s2s] B (5% 4 a?) — 252
F+a? | = T @rer
o — 2 §2 _ 2
- Ls? +a2>2} B [<s2 +a2>2] |
Question 3.11.25. Find L[t sin 2¢]. (Nov’15)
Solution .
. d .. d s
Lltsin2t] = —$L[sm 2t] = — s LQ'F‘J
_ (s*+4).1 —s.2s] B (s? +4) — 252
- (82 +4)2 - (82 +4)2
N e I
- (s24+4)2]  [(s2+4)2]
Question 3.11.26. Find L[e=%#?]. (Apr.’14)
Solution .
2 2
Lo = L2, ire = [} _ _
o) 53] oy (s12) (s+2)

Question 3.11.27. Find Laplace transform of Unit Step Function.
(Apr.’11, Apr.’14, Apr.’15)
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Solution . The Unit Step Function (or) Heavy Side’s Function is

defined as U(t — a) = { (1)’ igi i i Z; then

LUG—a)] = /O T e U= a) dt

a o
= /e_St.Odt—l—/ e St1 dt
0 a
—st o
- 0+{€ ]
—s |,

LU -a) = S

S

Question 3.11.28. Find Laplace transform of dirac delta function
o(t —a).

Solution .
L[6(t—a)] = /000 e St5(t —a) dt = e 5" [ /000 f(@)o(t —a) = f(a)

Question 3.11.29. Find L [;7] . (Nov.’13)

Solution .

I [ett] =L[te™] = L[t (op1) = [ :

82:| s—(s+1) (3 + 1>2 .

uestion 3.11.30. Find L [e *sin 3t] .
Q

Solution .
3 B 3

Lle—tsin3t] = I lsin 3t = |5 = 219110
[e™" sin 3t] [$in 3t (541 [82+9}5—>(s+1) s2+2s+10

Question 3.11.31. Find L [e= cos 3t] .
Solution .

S _ s+ 2

L [e7?" cos 3t] = L [cos 3t = |5 I PET .
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Question 3.11.32. Find L [t*2].

Solution .

L [t22t] = L [t%tbgﬂ =L [t2}5—>(s—log2) - (s — 120g 2)3"
Question 3.11.33. Find L [ sin t]
Solution .

L [et sin? t] = L [e (1_0082t>
= fL [1—cos2t],
1 [ B s—1 } B [ 1 s-1 ]
2 (s—1)24+4] —1 s2-2s+5]"

Question 3.11.34. Find Laplace transform of ¢sin 2t (Nov.’15)

Solution .

Lltsin2t] = (_1)% Llsin 2t] = (_1)% [522%]
0—2.2s 4s
= (_1) [(32+4)2] - (82+4)2

Question 3.11.35. Find the Laplace transform of f(t) = te™2 sin 5t.

Solution .

L[te”*sinbt] = L[tsin5t], (5o (1)

. d ) d 5 10s
Ltsin5t] = (=1)— Llsin5t] = (=1) |:52 n 25] T (521 25)2..(2)

Using (2) in (1), we have

L[te_%sin5ﬂ = L[los} M
(52 +25)2 | L(ara)  [s2+4s+29]
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Question 3.11.36. If L[f(t)] = F(s), then prove that

L{f(t —a).u(t —a)] = e *F(s).
Proof:

LIf(t— a)ult —a)] = /0 T et — a)ult — a) di
_ /0 e F(t — a).(0) dt+/a e f(t — a) dt
= / e Wt () du  [Put t —a = u]
0
= e_as/ e f(u) du
0

= e “F(s).
Question 3.11.37. Find L[(t — 1)3uy(t)].

Solution .
L[(t —1)3ui(t)] = L[t —1)%u(t —1)], by second shifting
= ¢ L[t3), wherea=1
_g 3! 6e™*
- T A

Question 3.11.38. Find L[4sin(t — 3)u(t — 3)].

Solution .

L[4sin(t — 3)u(t —3)] = 4L[sin(t — 3)u(t — 3)] by second shifting
= 4e **L[sint], wherea =3
B 4e=38
o241

Question 3.11.39. Find L[4u(t — ) cost].

Solution .

L[4u(t — w)cost] = AL{u(t —7)cos[(t — ) + 7|}

using second shifting property

= 4de *Llcos(t + )], wherea=m
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= —4e ™ L|cost]

S
— 4TS )
‘ LHJ

Question 3.11.40. If L[f(t)] = F(s), prove L[f(at)] = 1 F (2).
Proof:

L{f(at)] = /000 e S'f(at) dt [Put at =u .. dt = du/a]
_ > —su/a @
= [T ¢
1 [ (/e 1 S
= a/() e(/)f(u)dU—aF<a>.

Question 3.11.41. Find L {fg sint dt}

t
Answer .
t. .
LU Smtdt} _ L[Smt]
o t t

1, |sint

s

1 [ 1 [ ds
= - L(sint)ds = — —_

S/S (sint) ds s/s s2+1
= g[tan (s)]s

1[7rt_1]
= — |z —tan "s|.
s L2

(May’15)

Question 3.11.42. State initial and final value theorems on Laplace
transforms. (Apr’ll, Nov’1l, Apr.’14, Jan.’15 )

Statement: If L[f(t)], L[f'(t)] are exist and L[f(t)] = F(s) then

(1) tlin%f(t) = ngoosF(s) [I.V.T]
(ii) tl_l)néof(t) = lemosF(s) [F.V.T)

Question 3.11.43. Verify Initial value theorem for the following
function f(t) =1+ e '[sint + cost] . (Nov’10, Apr’08)
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Solution . Given f(t) =1+ e ![sint + cost].

. LIf(t)] = L[]+ L{e "[sint+ cost]}
1
ie, F(s) = g+{L[sint]+L[cost]}s_>s+1
- 14_ 1 LS
s s24+1 241
s s+ 1) o0 S s2+2s+2
1 = lim {1 + e [si
tl_ff(l)f() tgf(l){ + e ![sint + cost] }

{1+e%sin0+cos0]} = 1+1=2 (1)

1 2 242
lim sF(s) = lim s ,+L = lim 1—}—8_‘_78
5—00 S—00 S S2+25+2

- Jim ? Exriael)

o T (2/9)

= ! { T8+ <2/52>H
R

- 14040 -(2)

From (1) and (2) we have lim;_,o f(t) = lims_ 00 SF(s) = 2.

Hence Initial value theorem is verified.

Question 3.11.44. State Convolution theorem.
(Nov.’12, Apr.’14, Jan.’15, May’18)

Solution . Let f(t) and g(¢) be two functions and
LTY[F(s)] = f(¢t) and L™'[G(s)] = g(t)

then the Laplace transform of convolution of two functions is the

product of their Laplace transforms.

Le., LIf(t)*g(t)] = LIf(1)]L[g(t)] = F(s)G(s)-



332 Engineering Mathematics — 1l

Question 3.11.45. Write the value of 1  el.
Solution .
t

t etfu
1xel = /l*et_“du: [ 1] = e —1.
0 - 0

Question 3.11.46. Define periodic function f(%).
(Apr.’14, Jan.’15)

Answer . A function f(t) is said to be periodic with period T, if for
all T f(t+T) = f(t); T > 0. The least value of T is called as period

of f(t).
Question 3.11.47. If f(t) is a periodic function with period p, what

is its Laplace transform?

Solution .

1 p
Lifit)] = /0 e S'f(t) dt, where p is the given period.

1—eps

Question 3.11.48. Evaluate: [;°te ' sin2¢ dt.

Solution .

uf 4 12
/ te¥sin2t dt = Lltsin2t)es = |5 ~ 169

Question 3.11.49. Using Laplace transform  evaluate,
Jo~ te™? cost dt.

Solution .
o 21 3
/ te 2 cost dt = L[tcost]s—y = 827 = —.
0 (S +1)2 s=2 25
Question 3.11.50. Find L [mtﬂ] .
Solution .
int o <1
L2 = / L[sint] ds = / —— ds
t 0 0 S + 1
= [tan_1 s]go = g— tan"!(s) = cot™l(s).
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DEPARTMENT OF SCIENCE AND HUMANITIES
CIA-I EXAM

YEAR/SEM  :1/1I (A-CSE) MAX. MARKS : 60 Marks
DATE :27-04-2024 DURATION  :3Hrs

CSBS202 - MATHEMATICS - 1I
SECTION -A (10 Marks) - PART -1 (10 x 2 = 20 Marks)

Answer the following

1.  State Laplace transform. K1 CO2
2. Prove that [e®] = i ;5 > —a. K2 CO2
3. Find L[t3 —3t? + 2]. K2 CO2
4.  Find L[e~?'2]. K2 CO2
5. Define periodic function f(t). K2 CO02
2
6. Find L7 [, K2 CO3
L S
. a1
7. FindL _(S+1)2]. K2 CO3
8. Find 7|2, K2 CO3
| §4—25+5
9. Find L7t [—2—|. K1 CO3
[s(s—a)
10. Define convolution? K1 CO3
SECTION - B (40 Marks) - PART II (5 x 8 = 40 Marks)
Answer the Questions Marks
© 1. Find Laplace transforms of the following functions
i. L[3e?] iii. te ?tcost 8 K3 CO2
ii. L[e3fsintsin2t] iv. t2e?tcos3t
(Or)
12. Evaluate
. e —cos bt o [cos at—cos bt]
i. L [—t - ] iii. fo _—tt dt 8§ K3 CO2
. et-1 . -2t .
i L [tezt] iv. L [e J, tsint dt]
13. State and prove initial and final value theorems. 8 K3 CO2
p
(Or)
Verify initial fi r fi i
14. Verify 1m_téa and 2nal value theorems for the function 8 K3 CO2
f(t) =et(t+ 2)2
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15.

16.

17.

18.

19.

20.

Find the Laplace transform of

_(sint, for 0<t=T WithperiodZn.
f(t)—{ 0, for m<t<im

(Or)

Find the Laplace transform of
a

1' f r 0 S t S - g
f(t) = ° a 2andf(t+4)'_-f(t)fort>0
-1, for 3 <t<a
Find the Inverse Laplace transform for the functions
1
1 N S
8 . (s+2)(s+3)
e 352—4 : 1
jj, = oSt6 S4S+6 V. ZerD
(Or)
Find the Inverse Laplace transform for the functions
i i, = S
s(s+1) itk 52(s2+1) T (s-3)5

State and prove Convolution theorem?

(Or)

Apply convolution theorem to evaluate
N

. 2
; . _1
. [(s2+9)(s2+4)]

] et
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Arlyur, Puducherry-605 102, 21001
DEPARTMENT OF SCIENCE AND HUMANITIES
CIA-II EXAM
YEAR/SEM  :I/II (A-CSE) MAX. MARKS : 60 Marks
DATE :24-05-2024 DURATION  :3Hrs
CSBS202 - MATHEMATICS - II
SECTION -A (10 Marks) - PART - I (10 x 2 = 20 Marks)
Answer the following
1.  State the Fourier integral theorem. K1 CO4
2.  Define Fourier transform. K1 CO4
3. State the convolution theorem for Fourier transform? K1 CO4
4.  Find the Fourier sine transform of e~*, K2 CO4
. . . , f0<x
5. Find the Fourier sine transform of f(x) if f(x) = {x %f Sx<m K2 CO4
0, ifx>m
6.  State Dirchlet’s conditions for existence of Fourier series? K1 COs5
7. Defin Parseval’s theorem on Fourier series? K1 COs5
8. What is harmonic analysis? , K1 CO5
9.  Define root mean square value? K1 CO5
10. Find the RMS value of f(x) = x%2in—1m < x < . K2 COs
SECTION - B (40 Marks) - PART II (5 x 8 = 40 Marks)
Answer the Questions Marks
11. _ 2
Find the Fourier Transform of f(x) = {1 x5 if |x] <1
o 0, if|x]>1 8 K3 CO4
and hence evaluate | (w) cos = dx.
0 x3 2
(Or)
12.  Find the Fourier Transform of e‘“z"z, a > 0 and hence
xZ
deduce that ez is self reciprocal under Fourier Transform. @S K3 CO4
13. Find the Fourier sine and cosine transform of e=%%,q > 0
and deduce that,
foo cos(sx) ds =2 o—ax . foos sin(sx) I : K3 Co4
0 a2+4s2 T 2a itk 0 a24s2 =z €
(Or)
4. Find the Fourier sine transform, evaluate [~ —%*__
! 0 (x2+a2)?" 8 K3 CoO4
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1S,

16,

17.

18.

19.

o . p al? ‘or Scl'ics ()r
Expand £(x) = »%, whon =5 < x < m, ina Fourie
periodicity 2, honee deduce that

2
. n
i 1 _{ 1 1 »—".'n'. “ ,l_._-l—k_l'—.'.:-"_;
. l: :‘!_J -{- :-‘? -'. ey e (—' " _lz 22 :‘A 4
(Or)

Obtain the Fourjer series expansion for the function

FG) = (=) in the interval 0 < x < 21 and deduce that

: 2

7+‘-‘ Blieelis SEEERY ::’r—

DT g 6°

Expand f (¥) =sinx, 0 < x < in Fourier cosine series.
(Or)

=2,0<x<2inasine series, Hence
at w3 — an [ 1 1 1

deduce that 79 = 32 [1 -5+ il ]

Expand F(x) = x2

Find the Fourjer series upto the third harmonic for the
function y = J (x) which is defined in (0,2m) by means of
the table of values given below,

X 0 [ 7 2 I n [ 4mw [ EBr 21
3 3 3 |3
Y L0 W4 917 75 15 15
(Or)

The value of x and the corresponding values of f(x) overa
period T are given below,

= 0 T T T [ 27
6 3 2 3

y 1.98 | 1.30 | 1.05 1.30 | -0.88 | -0.25

Show that f(x) = 0.75 + 037 cosO + 1.004 sing where

_ 2nx

—
— .

'l'

8
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Ariyur, Puducherry-60S5 102,

DEPARTMENT OF SCIENCE AND HUMANITIES
MODEL EXAM

YEAR/SEM  :1/II (A-CSE) MAX. MARKS : 60 Marks
DATE : 11-06-2024 DURATION  :3Hrs

CSBS202 - MATHEMATICS - 11
SECTION -A (10 Marks) - PART - I (10 x 2 = 20 Marks)

Answer the following

Form PDE by eliminating arbitrary constants z = ax + by + a? + b?,

Pk

. K2 CO1
where a, b are arbitrary constants.
2. Find the complementary function of (D3 — 2DD")z = sin(x + 2y). K2 CO1
3. Prove that [e™%] = S—i—a ;S > —a. K2 CO2
4.  Find L[sin 3t cos t]. K2 CO2
2_
5. Find L7 [=572], K2 CO3
S
a1 ]
6. Find L™ |—=| K2 CO3
7. Define Fourier transform pairs. K1 CO4
8.  Find the Fourier sine transform of e ™. K2 CO04
9. State Dirchlet’s conditions for existence of Fourier series? K1 CO5
10. Find the RMS value of f(x) = x? in the interval (0, 7). K2 CO5
SECTION - B (40 Marks) - PART I (5 x 8 = 40 Marks)
Answer the Questions Marks
11. i, SolvexP + yQ = z.
8 K3 Col1

ii. Solve (mz —ny)P + (nx — 1z)Q = ly — mx.
(Or)
12. Solve [D® —7DD'2 — 6D'°|z = e#**¥ + sin(x + 2y) + x3y. 8 K3 co1

13. Find Laplace transforms of the following functions

i. L[e?' cos?®2t] iii. te fsint 8 K3 COo2
ii. L[sinht cos2t] iv. t?e®tcos3t
(Or)
14, 1, for 0<ts<?
Find the Laplace transform of f(t) = a
-1, for sSt<a 8 K3 CO2

and f(t +a) = f(t) fort > 0.
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15.

16.

17.

18.

19.

20.

Find the Inverse Laplace transform for the functions

1
1 L
< 111. 512)(5+3)
.. 3524546 iv I
11, T T s2(s2+41)
(Or)

State and prove Convolution theorem?

_ 1, for|x|<a
Find the Fourier Transform of flx) = {O for !xl >a’

@ > 0 and hence evaluate [ 0°° Sl% dx.

(Or)
Find the Fourier sine and cosine transform of e" ™ a>0
and deduce that,

. o cos(sx) T _ . o s sin(sx) T _ax
1. —_— =— ax —_— =—e
fO a?+s2 € 1. fo a?+s? ds 2

Obtain the Fourier series expansion for the function
f(x) = (I = x)? in the interval 0 < x < 2] and deduce that
S b=
120 22 ' 32 T 6"
(Or)

The value of x and the corresponding values of f(x) over a
period T are given below.

x | 0 [ T [T [T [ 2 57

—

6 3 | 2 3 6
y | 198 ] 130 [ 1.05 | 130 | 0.88 | -0.25 | 1.98
Show that f(x) = 0.75 + 0.37 cos0 + 1.004 sin6 where

2mx
6 = p—

K3

K3

K3

Cco3

CO3

CO4

CO4

COs5

COs
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COLLEGE OF ENGINEERING & TECHNOLOGY " T&S0)

: Approved by AICTE, New Delhi & Affiliated to Pondicherry University,
13-A, Pondy - Villupuram Main Road, Ariyur, Puducherry - 605 107. 21001

ASPIRE TO EXCEL

\ EXAM CELL
Part - | (to be filled by the candidate)

Name of the Exam:| (A |
Date of the Exam:| 271 p,, | 409/1 RegisterNo.:Il 5|’T [)I OI e
Degree / Branch: P\kdf\l - ee E‘ Ck) Year / Semester : WAL
SubjectCode:| r ¢ ¢ 2 D) No. of Pages Written :
Subject Title:| M s Humabien — |
y Ve
FANRUK AR A= ‘ :{;[\3719/
(" Name of the Hall superintendent Signature of the Hgll uperintendent
(With Designation) (With Date)
PART - Ii (to be filled by the Examiner)
Sub Division Marks TOTAL
Q.No. Marks Q.No. 0] i) i) W) MARKS
1. 2- 1. ) |73
2 ] 2. '
3. ) 3. I's &
4. &= 4.
5. | 5: - 2
6. 6.
7. 7. 3 Q
8. 8.
9. 9. i s 7
10. 10. - : '
TOTAL (A) 1o - | TOTAL (B) 29 29
Grand Total (A+B) 29 In Words : L N
Shys O :“}S\'\N\ g\,kk\/\!l on ‘}P)V\«\WS "\':"«;/ =
Name of the Hall §uperintendent Signature of the Hall Superintendent
(With Designation) (With Date)

INSTRUCTIONS OF THE CANDIDATES Do W

Check the Question paper first, its subject code / Title etc., before answering the questions.

1

2. Fill all the particulars in Part - | of this sheet.

3. Possession of any incrimination material, mobile phones / other electronic gadgets & mall
practice of any nature are punishable as per rules.

4. Use both side of the paper for answering questions.

5. Answer must be legibly written in Ink (Blue, Black or Blue Black)

6. Writing or leaving any distinctive marks so as to identify your paper is strictly prohibited.

7. Strike all the blank pages left in the answer sheet at the end of the examination.

8. Rough work, if any must be done at the bottom of the page, reserving a fourth at the bottom

of the page exclusively for this purpose.
9. Do write in the margin except the question number.
10. Graph or other sheets should be attached between pages and tied with white thread.

|
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COLLEGE OF ENGINEERING & TECHNOLOGY ISO H

Approved by AICTE, New Delhi & Affiliated to Pondicherry University, Puducherry
13-A, Pondy - Villupuram Main Road, Ariyur, Puducherry - 605 107.

1
JASPIRE TO EXCEL 21001 '
EXAM CELL
Part - | (to be filled by the candidate)
Name of the Exam : g - ‘[J‘/
Date of the Exam:| 9\p, 05 Q02 Register No.: | q,[ ~r|7) V) I b IX‘I ’j _
Degree /Branch:| p T b, (B4 Year / Semester : &/'B’ r
Subject Code : O\ 0202 No. of Pages Written : '
Subject Title : MATIHE=MATILL P
e T Swnden W0l %—lﬂ =)
Name of the Hall superintendent Signature of the Hall Superintendent
(With Designation) (With Date)
PART - Il (to be filled by the Examiner)
Sub Division Marks TOTAL
Q.No. Marks Q.No. ) M) ) ) MARKS
1. - \L, G B
2. = \2.
3. \ 13. 5 S
4, o \4.
5. 9 15.
6. 2L 16. ) i i |
7 7 V7. & e |
8. N |8. '
o. |~ | P 7 B
10. | (gﬂ, ) :
TOTAL(A)] & | TOTAL(B) ) =Y |
Grand Total (A+B) &7  [InWords: Foon_ SEVEL &\,\,( ! Vl/?/\////{
' i \) </ 11
Drec. T Stvlan I EALE A—
Name of the Hall superintendent Signature of the Hall Superintendent
(With Designation) (With Date)

INSTRUCTIONS OF THE CANDIDATES
1. Check the Question paper first, its subject code / Title etc., before answering the questions.

Fill all the particulars in Part - | of this sheet.
Possession of any incrimination material, mobile phones / other electronic gadgets & mall

o

practice of any nature are punishable as per rules.

Use both side of the paper for answering questions.

Answer must be legibly written in Ink (Blue, Black or Blue Black)

Writing or leaving any distinctive marks so as to identify your paper is strictly prohibited.
Strike all the blank pages left in the answer sheet at the end of the examination.

Rough work, if any must be done at the bottom of the page, reserving a fourth at the bottom

® N v

of the page exclusively for this p’ . pose.
9. Do write in the margin except the question number.
10. Graph or other sheets should be attached between pages and tied with white thread.
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Approved by A|(OF ENGINEERlNG & TECHNOLOGY

TE, New Delh & Alfiliated to Pond

} / lcharry University, Pudy “he,
13-A, Pondy - Villupuram Main Road, Ariyur, Puducherry - (:0]:5'"‘1’07. I"%/p

21001
EXAM CELL
—_— Part - | (to be filled by the candidate)
Name of the Exam | 1
Dits bT 3T am: Moppy CXAM ABINAYA.Y
e L [ob] 2y Register No-: |2 |3 | T[]0 [ [ ],
gree‘/ Branch : B Ty - e -A Year / Semester ; 7/,7“ |
Mde: CCRG 262 No. of Pages Written : /(':
—Sublect Title : | 1)~y i e 10 '
: n')t ' Q’\QMV‘Q ' ///(@(/P\f\(‘ /(//:M
*® Name of the Hall superintendent Signature of the Hall Super{ntendent
l (With Designation) (With Date)
4
PART - i (to be filled by the Examiner)
Q.No. Marks Q.No. _ Sub“Division IVErks TOTAL
(i) (ii) (iii) (iv) MARKS
13 - 1.
2. J 2. + gl
3. 5 3.
4, ) 4, b A
5. 5;
6. \ 6. b b
s t 7. .
8. 8. |
9. va 9. + <7 |
10, 10, A ' |
1 L ‘i;
CToaLAm v [Tomr B 22 2, |
Grand Total (A+B) 43 InWords:| tawn dlyy Wiy
Byt s o r"}\)w’&-"l MM LA AJ T ’
Name of the Hall superintendent Signature of the Hall Superintendent
(With Designation) (With Date)

INSTRUCTIONS OF THE CANDIDATES
1.  Check the Question paper first, its subject code / Title etc., before answering the questions.

2. Fill all the particulars in Part - |.of this sheet.

3. Possession of any incrimination material, mobile phones / other electronic gadgets & mall
practice of any nature are punishable as per rules.

4. Use both side of the paper for answering questions.

5. Answer must be legibly written in Ink (Blue, Black or Blue Black)

6.  Writing or leaving any distinctive marks so as to identify your paper is strictly prohibited.

7. Strike all the blank pages left in the answer sheet at the end of the examination.

8.

Rough work, if any must be done at the bottom of the paée, reserving a fourth at the bottom
of the page exclusively for this purpose.

9. Do write in the margin except the question number,

10. Graph or other sheets should be attached between pages and tied with white thread.
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Academic Year: 2023 - 2024
Year/Sem: I/11
Subject: Mathematics-11

sSriven I(ii\‘l:('!S hwa o

College of Engincering & Technoloyy

Ariyun Puducherny-60% 107,

DATE OF THEEXAM | 27.04.24 | 24.05.24 | 11.06.24 | 19.06.24
il NAME OF THESTUDENT | CIAI | CIAN | MODEL U’;{E"ggﬁw
1 | 23TD0651 | AARTHI A 33 33 33
|2 [ 23TD0654 | ABINAYA.V 35 43 3
3 | 23TD0657 | ANISHA.V 40 47 45
4 [ 23TD0658 | ARISHKUMAR. K 27 31 28
S | 23TD0659 | ASHWIN.C  inemhagal] o 26 31 32
n 6 | 23TD0660 ASWINM seygmind|  3g 45
& 7 | 23TD0666 | DEVASRI. S ,vngggzmw 3
8 | 23TD0667 | DHANUSH.V --W-‘C‘O‘J-r’rmmumm,mw 7 8
9 | 23TD0668 | DHARSHANI. S 33 41 53
10 | 23TD0670 | DULASI KRISHNA. P 1 29 31
11 [23TD0674 | GOKUL.S 1 28 30
12 | 23TD0680 | HEMACHANDRAN . G 32 37 45
13 | 23TD0681 | JANITHAA KR 39 | 39 42
14 | 23TD0683 | JAYA SRINIVASAN . A 9 6 5
15 | 23TD0684 | JEEVARAAJAN S 28 | 3 36 ]
16 | 23TD0685 | JEEVITHA. E 30 | 35 48 -
17 | 23TD0686 | KALAIVANAN .L 29 33 32
18 |23TD0687 | KAMARA]. M 13 32 AB
19 | 23TD0688 | KARTHIKEYAN .R 31 30 32 i
20 | 23TD0690 | KIROUBAKARAN .V AB 31 31
21 |23TD0692 | MADHAN .R : 8 21 29
< 22 | 23TD0694 | MAHESHV 32 36 37
23 | 23TD0696 | MOHAMED ASIF. M 25 0 30
24 | 23TD0697 | MOHAMED IBRAHIM 2% 30 2
25 | 23TD0699 | MOHAMMED AAQIL. M 30 30 30
26 | 23TD0703 | NIKILESHYOGAN .G 2 AB AB
27 | 23TD0706 | PAVITHRA .K 34 41 )
28 | 23TD0707 | PRAKASHRA].S 31 20 32
29 [23TD0710 | RAMA.S 32 T35 31
30 |23TD0711 | RANI.P 30 34 30
'31 | 23TD0712 | RANJITH.S 1 24 10
32 [23TD0715 | SABREEN.S 32 34 20
33 | 23TD0716 | SANIYASRI.] 37 34 37
34 |23TD0719 | SATHYA] 32 25 30
35 [23TD0721 | SHALINI.C 34 46 20
36 |23TD0722 | SHARAN SHANTH . R 30 31 32
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37 | 23TD0723 | SIVARANJANI K 36 40 43
38 | 23TD0725 | SOWKANTHINI.Y 37 44 46
39 | 23TD0727 | SRIVARDHINI.D 36 36 47
40 | 23TD0731 | VIJAYAVEL .R.S 30 32 30
41 | 23TD0733 | VITHYASAKAR S AB 0 16
42 | 23TD0735 | YUVASREE. G 32 40 35
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srivenkateshwaraa

\ College of Engincering & Technology
* T l ‘ASRIRESTOIEXCEL] -
Arlyur, Puducherry-605 102.

DEPARTMENT OF SCIENCE AND HUMANITES

Subject Name with Code: CSBS202 - MATHEMATICS - 11

Batch:2023 - 2027 :
POs & PSOs Mapping with COs

Programme
Specific
Course Programme Outcomes (POs)
Outcomes
Outcomes (PSO's)
1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 1 2
Cco1 H H M H L M L M H M H M M M
CO2 H H H M M L M L M L H M M M
Co3 H H M H L M L M H M H M M M
Cco4 H H H M M L M L M L H M M M
CO5 H H M M M M M M M M M M M M
H - High contribution M- Medium Contribution L - Low Contribution
POs & PSOs Mapping with Correlation Value
Programme
Course Programme Outcomes (Pos) Specific
Outcomes Outcomes
1 2 3 4 5 6 7 8 9 10 11 12 1 2
co1 3 3 2 3 |1 1 2 |1 2 | 3 2 3 2 2 2
co2 3 3 | 3 2 [ 2| 1| 2 1 | 2 1 3 2 2 2
Cco3 3 3 2 3 1 2 1 2 3 2 3 2 2 2
co4 3 3 3 2 2 1 2 1 2 1 3 2 2 2
CO5 3 3 2 2 2 2 2 2 2 2 2 2 2 2
Avg Value 3 3 24 (24 [ 16| 16 | 1.6 | 1.6 | 24 | 16 | 2.8 2 2 2

Final CO Attainments 2.35
% CO Attainments 78.33

Attainment Status v

If CO Attainment is above Target percentage , then PO Attainment is full or else it is zero

FinalPO& | PO1 | PO2 | PO3 | PO4 | PO5 | PO6 | PO7 | PO8 | PO9 | PO10| PO11| PO12| PSO1| PSO2
PSO

Attainment | 2.35 | 2.35 | 1.88 | 1.88 | 1.253]1.253|1.253|1.253| 1.88 | 1.2532.193|1.567| 1.567| 1.567
Values

Ny

Head of the Department
Sciences & Humanities
8ri Venkateshwaraa College of E
& Technology,
Arivur Puducherry - 605 102

CX Scanned with OKEN Scanner



	Laplace Transforms
	Introduction
	Existence of Laplace Transforms

	Laplace Transforms of Elementary Functions
	Laplace Transforms of Standard   Functions
	Unit Step Function (or) Heaviside's Unit Function:
	Dirac Delta Function (or) Unit Impulse Function

	Properties of Laplace Transforms
	Linear Property
	First Shifting Property
	Second Shifting Property
	Change of Scale Property

	Laplace Transform of tnf(t)
	Laplace Transform of f(t)t
	Initial and Final Value Theorems
	Laplace Transforms of Derivatives
	Laplace Transforms of Integrals
	Evaluation of Integrals by Using Laplace Transforms
	Laplace Transforms of Integrals

	Laplace Transforms of Periodic   Functions
	Laplace Transform - Two Marks


