


















CHAPTER 3

Laplace Transforms

3.1 Introduction

In the elementary calculus, the transforms are differentiation and

then integration. This means that, naturally the operations of trans-

form is one function into another function. For example, the function

f(x) = x2 is transformed into a linear function or a family of cubic

polynomials by the operations of differentiation or the integration

respectively.

In Mathematics, Laplace transform is a powerful technique to

obtain the solutions directly from the linear differential equations

(both ordinary and partial), without finding the general solution then

putting particular values. The Laplace transform has many impor-

tant applications in probability theory, electrical engineering, control

engineering, signal processing and so on.

3.1.1 Existence of Laplace Transforms (Nov.’10, Jan.’15)

Let f(t) be a function of t defined for t ≥ 0, then the Laplace

transforms of f(t), denoted by L[f(t)] is defined by

L[f(t)] =

∫ ∞
0

e−stf(t) dt = F (s)

provided the integral exists, s is a parameter which may be a real or

complex. Where L[f(t)] is clearly a function of s and the symbol L,

transforms f(t) into F (s), is called Laplace transformation operator.
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Note: 1. A function f(t) is said to be a piece wise (or) sectionally

continuous in a finite interval [a, b], if the interval can be divided into

a finite number of subintervals such that in each f(t) is continuous.

2. A function f(t) is said to be of the exponential order if

limt→∞ e
−atf(t) = a finite quantity.

Existence Conditions of Laplace Transforms

If f(t) be the function defined on t ≥ 0 is,

1. a piecewise continuous in every finite interval in the range t ≥ 0.

2. of the exponential order [i.e., limt→∞ e
−atf(t) is finite] then

L[f(t)] exists.

Note : (1) The above conditions are sufficient and not necessary.

For example, L[1/
√
t] exists, even though 1/

√
t is infinite at t = 0.

(2) Laplace transforms of all functions do not exist. For example

L[et
2
] does not exist, because f(t) = et

2
is not of exponential order.

3.2 Laplace Transforms of Elementary Func-
tions

1. L[k] =
k

s
; if s > 0

Proof:

L[k] =

∫ ∞
0

e−st.k dt = k

[
e−st

−s

]∞
0

= k

[
0− 1

−s

]
=

k

s
.

2. L[t] =
1

s2
; if s > 0

Proof:

L[t] =

∫ ∞
0

e−stt dt =

[
e−st

−s
t− 1.

e−st

s2

]∞
0

=

[
0−

(
0− 1

s2

)]
=

1

s2
.
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3. L[tn] = n!
sn+1 ; when n = 0, 1, 2, 3, ... and s > 0.

Proof:

L[tn] =

∫ ∞
0

e−st.tn dt =

∫ ∞
0

e−u.
(u
s

)n du

s
[putting st = u]

=
1

sn+1

∫ ∞
0

e−u.un du =
Γ(n+ 1)

sn+1
.

4. L[eat] =
1

s− a
, if s− a > 0.

Proof:

L[eat] =

∫ ∞
0

e−st.eat dt =

∫ ∞
0

e−(s−a)t dt

=

[
e−(s−a)t

−(s− a)

]∞
0

=
1

s− a
.

[
∵ e−∞ = 0

]
5. L[e−at] =

1

s+ a
, if s+ a > 0. (Nov.’11)

Proof:

L[eat] =

∫ ∞
0

e−st.e−at dt =

∫ ∞
0

e−(s+a)t dt

=

[
e−(s+a)t

−(s+ a)

]∞
0

=
1

s+ a
.

6. L[sin at] =
a

s2 + a2
, if s > 0.

Proof:

L[sin at] =

∫ ∞
0

e−st. sin at dt

=

[
e−st

s2 + a2
(−s sin at− a. cos at)

]∞
0

=
a

s2 + a2
.



264 Engineering Mathematics − II

7. L[cos at] = s
s2+a2

, if s > 0.

Proof:

L[cos at] =

∫ ∞
0

e−st. cos at dt

=

[
e−st

s2 + a2
(−s cos at+ a. sin at)

]∞
0

=
s

s2 + a2
.

Aliter :L[cos at+ i sin at] = L[eiat] =
1

s− ia
, [using result (3)]

=
s+ ia

(s− ia)(s+ ia)

=
s+ ia

s2 + a2

∴ L[cos at] + iL[sin at] =
s

s2 + a2
+ i

a

s2 + a2

Equating real and imaginary parts then we get

R.P.: L[cos at] =
s

s2 + a2
, I.P.: L[sin at] =

a

s2 + a2
.

8. L[sinh at] =
a

s2 − a2
, if s > |a|.

Proof:

L[sinh at] = L

[
eat − e−at

2

]
=

1

2

[
L(eat)− L(e−at)

]
=

1

2

[
1

s− a
− 1

s+ a

]
=

a

s2 − a2
.

9. L[cosh at] =
s

s2 − a2
, if s > |a|.

Proof:

L[cosh at] = L

[
eat + e−at

2

]
=

1

2

[
L(eat) + L(e−at)

]
=

1

2

[
1

s− a
+

1

s+ a

]
=

s

s2 − a2
.
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Simple Problems on Laplace Transforms

Example 3.2.1. Find Laplace transforms of following functions

(i) 3e2t (ii) e−(3/2)t (iii) t4

12 (iv) t3/2t (v) 2 sin 3
2 t (vi) 3 cos 2t

(vii) 4 sinh t
2 (viii) cosh 2

3 t.

Solution .

(i) L[3e2t] = 3L[e2t] =
3

s− 2
.

(ii) L[e−(3/2)t] =
1

s+ 3
2

=
2

2s+ 3
.

(iii) L

[
t4

12

]
=

1

12
L
[
t4
]

=
1

12
.

4!

s4+1
=

1

s5

(iv) L[t3/2] =
Γ(3/2 + 1)

s(3/2)+1
=

3
2 .

1
2Γ(1/2)

s5/2
=

3
√
π

4s5/2
.

(v) L

[
2 sin

3

2
t

]
= 2

[
3
2

s2 +
(

3
2

)2
]

=
3

s2 + 9
4

=
12

4s2 + 9
.

(vi) L [3 cos 2t] = 3L [cos 2t] =
3s

s2 + 4
.

(vii) L

[
4 sinh

t

2

]
= 4

[
1
2

s2 −
(

1
2

)2
]

=
1

2(4s2 − 1)
.

(viii) L

[
cosh

2

3
t

]
=

s

s2 −
(

2
3

)2 =
9s

9s2 − 4
.

Example 3.2.2. Find the Laplace transforms of f(t) defined as

(i) f(t) =

{
e−t, 0 < t < 4;
0, t > 4.

(ii) f(t) =

{
t, for 0 ≤ t ≤ 4;
5, for t ≥ 4.

(iii) f(t) =

{
t/τ, if 0 < t < τ ;
1, if t > τ.

(iv) f(t) =


1, 0 < t ≤ 1;
t, 1 < t ≤ 2;
0, t > 2.
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Solution . (i) Given f(t) =

{
e−t, 0 < t < 4;
0, t > 4. (Apr’11)

L[f(t)] =

∫ ∞
0

e−stf(t) dt [by the definition]

=

∫ 4

0
e−st.e−t dt+

∫ ∞
4

e−st.0 dt

=

[
e−(s+1)t

(s+ 1)

]4

0

=
e−4(s+1) − 1

(s+ 1)
.

(ii) Given f(t) =

{
t, for 0 ≤ t ≤ 4;
5, for t ≥ 4. (Apr.’06)

L[f(t)] =

∫ 4

0
e−st.t dt+

∫ ∞
4

e−st.5 dt

=

[
te−st

−s
− e−st

s2

]4

0

+ 5

[
e−st

−s

]∞
4

=

[
4e−4s

−s
− e−4s

s2
+

1

s2

]
+ 5

[
0− e−4s

−s

]
=

e−4s

s
+

1− e−4s

s2

=
1 + e−4s(s− 1)

s2

(iii) Given f(t) =

{
t/τ, if 0 < t < τ ;
1, if t > τ.

L[f(t)] =

∫ τ

0
e−st.

t

τ
dt+

∫ ∞
τ

e−st.1 dt

=
1

τ

[
te−st

−s
− e−st

s2

]τ
0

+

[
e−st

−s

]∞
τ

=
1

τ

[
τe−sτ

−s
− e−sτ

s2
+

1

s2

]
+

[
0− e−sτ

−s

]
=

1− e−sτ

τs2
.
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(iv) Given f(t) =


1, 0 < t ≤ 1;
t, 1 < t ≤ 2;
0, t > 2.

L[f(t)] =

∫ 1

0
e−st.1 dt+

∫ 2

1
e−st.t dt+

∫ ∞
2

e−st.0 dt

=

[
e−st

−s

]1

0

+

[
te−st

−s
− e−st

s2

]2

1

+ 0

=
1− e−s

s
+

[
2e−2s

−s
− e−2s

s2
−
(
e−s

−s
− e−s

s2

)]
=

1

s
− 2e−2s

s
+
e−s

s2
− e−2s

s2
.

Exercise

Find Laplace transform of the following functions

(i) f(t) =

{
et, 0 < t < 1;
0, t > 1.

(ii) f(t) =


t 0 ≤ t < 1;
2− t 1 ≤ t < 2;
0, t ≥ 2.

(iii) f(t) =

{
cos t 0 ≤ t < π;
sin t π ≤ t < 2π.

(iv) f(t) =

{
sin t, 0 < t ≤ π;
0, t > π.

Answers

(i)
1

1− s
[
1− e1−s]

(ii)
1

s2
(1− 2e−s + e−2s)

(iii)
1

s2 + 1

[
s+ e−sπ(s− 1)

]
(iv)

2

s2 + 4
(1− e−πs)
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3.3 Laplace Transforms of Standard
Functions

3.3.1 Unit Step Function (or) Heaviside’s Unit Function:

In engineering problems, one frequently encounters functions that

are either ”on” or ”off”. For example, an external force acting on a

mechanical system or a voltage impressed on a circuit can be turned

off after a period of time. Then it is convenient to define a special

function that is the number 0 (off) up to a certain time t = a and

then the number 1 (on) after that time. This function is called the

unit step function or Heaviside function.

Example 3.3.1. Find Laplace transform of unit step function.

(Apr.’11, Apr.’15)

The unit step function denoted by u(t− a) or ua(t) is defined as

u(t− a) =

{
0, for t < a;
1, for t ≥ a. Where a is always positive.

The Laplace transform of unit step function is

L [u(t− a)] =

∫ ∞
0

e−stu(t− a) dt

=

∫ a

0
e−st.0 dt+

∫ ∞
a

e−st.1 dt

= 0 +

[
e−st

−s

]∞
a

=
e−as

s
.

3.3.2 Dirac Delta Function (or) Unit Impulse Function

Mechanical systems are often acted on by an external force (or

emf in an electrical circuit) of large magnitude that acts only for

a very short period of time. For example, in the study of bending

beams, we have point loads which is equivalent to large pressure

acting over a very small area. To deal with such and similar ideas, we

introduce the unit impulse function also called Dirac delta function.
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Example 3.3.2. Find Laplace transform of unit impulse function.

(Nov.’05)

Thus the unit impulse function is considered as the limiting form

of the function δε(t− a) =

{
1/ε, a < t < a+ ε;
0, otherwise.

This can also be represented interms of two unit step functions as

δε(t− a) =
1

ε
{u(t− a)− u[t− (a+ ε)]} ...(1)

Note that,

∫ ∞
0

δε(t− a) =

∫ a

0
0.dt+

∫ a+ε

a

1

ε
dt+

∫ ∞
a+ε

0.dt = 1.

Taking Laplace transforms on both sides of (1), we get

L[δε(t− a)] =
1

ε
L {u(t− a)− u[t− (a+ ε)]}

=
1

ε

[
e−as

s
− e−(a+ε)s

s

]

= e−as
[

1− e−εs

εs

]
...(2)

The Dirac delta function denoted by δ(t− a) is defined as

δ(t− a) = lim
ε→0

δε(t− a).

Taking Laplace transform on both sides, we get

L[δ(t− a)] = lim
ε→0

L[δε(t− a)] [using (2)]

= e−as lim
ε→0

[
1− e−εs

εs

]
= e−as.

Thus, in general the limiting form of δε(t−a) as ε→ 0 is expressed

as unit impulse function denoted by δ(t− a) is defined as follows

δ(t− a) =

{
∞, for t = a;
0, for t 6= a.

such that

∫ ∞
−∞

δ(t− a) dt = 1.
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3.4 Properties of Laplace Transforms

3.4.1 Linear Property

If c1 and c2 be any two constants and f and g any two functions

of t with Laplace transforms F (s) and G(s) respectively, then we have

L [c1f(t)± c2g(t)] = c1L[f(t)]± c2L[g(t)] = c1F (s) + c2G(s)

Proof:
L [c1f(t)± c2g(t)] =

∫ ∞
0

e−st [c1f(t) ± c2g(t)] dt

= c1

∫ ∞
0

e−stf(t) dt ± c2

∫ ∞
0

e−stg(t) dt

= c1L[f(t)] ± c2L[g(t)]

= c1F (s) ± c2G(s).

Hence the operator L is a linear.

Problems Based on Linear Property

Example 3.4.1. Find Laplace transforms of the following functions:

(i) t3 − 3t2 + 2, (ii) (et + e−t)2, (iii) 1+2t√
t
, (iv) sin

√
t, (v) 1

1−t
(vi) cos2 3t, (vii) cos3 2t, (viii) sin 2t cos 3t, (ix) sin t sin 2t,

(x) cos(2t+ 3)

Solution .

(i) L
[
t3 − 3t2 + 2

]
= L

[
t3
]
− 3L

[
t2
]

+ L[2]

=
3!

s4
− 3

2!

s3
+

2

s

=
6

s4
− 6

s3
+

2

s
.

(ii) L
[
(et + e−t)2

]
= L

[
e2t + 2 + e−2t

]
=

1

s− 2
+

2

s
+

1

s+2
.
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(iii) L

[
1 + 2t√

t

]
= L

[
t−1/2 + 2t1/2

]
=

Γ(1/2)

s1/2
+ 2

Γ(3/2)

s3/2

[
∵ Γ

(
1

2

)
=
√
π

]
=

√
π√
s

+
2.12
√
π

s
√
s

[∵ Γ(n+ 1) = nΓn]

=

√
π

s

[
1 +

1

s

]
.

(iv) W.k.t. sinx =
x

1!
− x3

3!
+
x5

5!
− ...

Thus, sin
√
t =

(
√
t)

1!
− (
√
t)3

3!
+

(
√
t)5

5!
− ...

=
t1/2

1!
− t3/2

3!
+
t5/2

5!
− ...

∴ L[sin
√
t] =

1

1!
L[t1/2]− 1

3!
L[t3/2] +

1

5!
L[t5/2]− ...

=
Γ(3/2)

s3/2
− 1

3!

Γ(5/2)

s5/2
+

1

5!

Γ(7/2)

s7/2
− ...

=
Γ(3/2)

s3/2
− 1

3!

3

2

Γ(3/2)

s3/2.s
+

1

5!

5

2

3

2

Γ(3/2)

s3/2.s2
− ...

=
Γ(3/2)

s3/2

[
1− 1

4s
+

1

4.2.1
.

1

4s2
− ...

]
=

1

2

Γ(1/2)

s3/2

[
1− 1

1!

(
1

4s

)
+

1

2!

(
1

4s

)2

− ...

]

=

√
π

2s3/2
e−1/4s.

(v)
1

1− t
= [1− t]−1 = 1 + t+ t2 + t3 + t4 + ...

∴ L

[
1

1− t

]
= L[1] + L[t] + L[t2] + L[t3] + L[t4] + ...

=
1

s
+

1!

s2
+

2!

s3
+

3!

s4
+ ... =

∞∑
n=0

n!

sn+1
.
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(vi) L[cos2 3t] = L

[
1 + cos 6t

2

]
Jan.’15

=
1

2

[
1

s
+

s

s2 + 36

]
=

s2 + 18

s(s2 + 36)
.

(vii) L[cos3 2t] = L

[
3 cos 2t+ cos 3(2t)

4

]
=

1

4
[3L(cos 2t) + L(cos 6t)]

=
1

4

[
3s

s2 + 4
+

s

s2 + 36

]
=

s(s2 + 28)

(s2 + 4)(s2 + 36)
.

(viii) L[sin 2t cos 3t] =
1

2
L [sin 5t+ sin(−t)]

=
1

2
[L(sin 5t)− L(sin t)]

=
1

2

[
5

s2 + 25
− 1

s2 + 1

]
=

2(s2 − 5)

(s2 + 25)(s2 + 1)
.

(ix) L[sin t sin 2t] =
1

2
L [cos t− cos 3t]

=
1

2

[
s

s2 + 1
− s

s2 + 9

]
=

4s

(s2 + 1)(s2 + 9)
.

(x) L[cos(at+ b)] = L [cos at cos b− sin at sin b]

= cos b L [cos at]− sin b L [sin at]

= cos b
s

s2 + a2
− sin b

s

s2 + a2
.
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Exercise

Find Laplace transform of the following functions

(i) 2t3−6t+8, (ii) 2e3t−e−3t, (iii) (t2+1)2 (iv) 4e−3t+5 cos 2t, (v)

cosh 3t+2e−3t+sin 2t, (vi) sin(at+b), (vii) cosh(5t+2), (viii) cos2 4t,

(ix) sin3 2t, (x) cosh3 2t, (xi) sin 2t cos 4t, (xii) sin 2t sin 3t,

Answers

(i)
12

s4
− 6

s2
+

8

s
(ii)

s+ 9

s2 − 9
(iii)

s4 + 4s2 + 24

s5
(iv)

4

s+ 3
+

5s

s2 + 4

(v)
s

s2 − 9
+

2

s+ 3
+

2

s2 + 4
(vi)

a cos b+ s sin b

s2 + a2
(vii)

e2

2(s− 5)
+

e−2

2(s+ 5)

(viii)
1

2s
+

s

2(s2 + 64)
(ix)

48

(s2 + 4)(s2 + 36)
(x)

s(s2 − 28)

(s2 − 4)(s2 − 36)

(xi)
3

s2 + 36
− 1

s2 + 4
(xii)

12s

(s2 + 1)(s2 + 25)

3.4.2 First Shifting Property

If L[f(t)] = F (s) then

(i) L
[
eatf(t)

]
= F (s− a) (ii) L

[
e−atf(t)

]
= F (s+ a)

Proof:

By definition, L[f(t)] =

∫ ∞
0

e−stf(t) dt = F (s)

∴ L[eatf(t)] =

∫ ∞
0

e−st.eatf(t) dt

=

∫ ∞
0

e−(s−a)tf(t) dt

= F (s− a).

Hence proved (i). Similarly to prove (ii) by replacing a by −a.
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Note: The above property can be rewritten as a working rule for

solving this type problems in the following way.

(i) L[eatf(t)] = L[f(t)]s→s−a = [F (s)]s→s−a = F (s− a).

(ii) L[e−atf(t)] = L[f(t)]s→s+a = [F (s)]s→s+a = F (s+ a).

Where s→ (s−a) means that s is replaced by (s−a) and s→ (s+a)

means that s is replaced by (s+ a) in F (s).

Example 3.4.2. Find Laplace transform of the following functions

(i) eatt (ii) e−att (iii) e−att2 (iv) eattn (v) eat cos bt (vi) eat sin bt

(vii) e−at cos bt (viii) e−at sin bt (ix) eat sinh bt (x) eat cosh bt

(xi) e−at cosh bt (xii) e−at sinh bt

Solution .

(i) L
[
eatt
]

= L [t]s→s−a =

[
1

s2

]
s→s−a

=
1

(s− a)2
.

(ii) L
[
e−att

]
= L [t]s→s+a =

[
1

s2

]
s→s+a

=
1

(s+ a)2
.

(iii) L
[
e−att2

]
= L

[
t2
]
s→s+a =

[
2!

s3

]
s→s+a

=
2

(s+ a)3
.

(iv) L
[
eattn

]
= L [tn]s→s−a =

[
n!

sn+1

]
s→s−a

(Apr.’14)

=
n!

(s− a)n+1
.

(v) L
[
eat cos bt

]
= L [cos bt]s→s−a =

[
s

s2 + b2

]
s→s−a

(Apr.’14)

=
s− a

(s− a)2 + b2
.

(vi) L
[
eat sin bt

]
= L [sin bt]s→s−a =

[
b

s2 + b2

]
s→s−a

=
b

(s− a)2 + b2
.
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(vii) L
[
e−at cos bt

]
= L [cos bt]s→s+a =

[
s

s2 + b2

]
s→s+a

=
s+ a

(s+ a)2 + b2
.

(viii) L
[
e−at sin bt

]
= L [sin bt]s→s+a =

[
b

s2 + b2

]
s→s+a

=
b

(s+ a)2 + b2
.

(ix) L
[
eat cosh bt

]
= L [cosh bt]s→s−a =

[
s

s2 − b2

]
s→s−a

=
s− a

(s− a)2 − b2
.

(x) L
[
eat sinh bt

]
= L [sinh bt]s→s−a =

[
b

s2 − b2

]
s→s−a

=
b

(s− a)2 − b2
.

(xi) L
[
e−at cosh bt

]
= L [cosh bt]s→s+a =

[
s

s2 − b2

]
s→s+a

=
s+ a

(s+ a)2 − b2
.

(xii) L
[
e−at sinh bt

]
= L [sinh bt]s→s+a =

[
b

s2 − b2

]
s→s+a

=
b

(s+ a)2 − b2
.

Problems Based on First Shifting Property

Example 3.4.3. Find Laplace transforms of the following functions

(i) t7/2e3t (ii) (1−te−t)3 (iii)
(
e−t

1−t

)2
(iv) e−t sin2 3t (v) e−2t cos3 2t (vi)

t2 sinh 3t (vii) e−t sin 2t cos 3t (viii) e3t sin t sin 2t (ix) sinh t
2 sin

√
3

2 t (x)

cosh t sin 2t (Nov.’14) (xi) sinh t cos 2t

Solution .

(i) L[t7/2e3t] = L[t7/2]s→s−3 =

[
Γ
(

7
2 + 1

)
s

7
2

+1

]
s→s−3
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=

[
7
2 .

5
2 .

3
2 .

1
2Γ(1

2)

s9/2

]
s→s−3

=
105
√
π

16(s− 3)9/2
.

(ii) L
[
(1− te−t)3

]
= L

[
1− 3te−t + 3t2e−2t − t3e−3t

]
= L[1]− 3L

[
te−t

]
+ 3L

[
t2e−2t

]
− L

[
t3e−3t

]
=

1

s
− 3L [t]s→s+1 + 3L

[
t2
]
s→s+2

− L
[
t3
]
s→s+3

=
1

s
− 3

[
1

s2

]
s→s+1

+ 3

[
2!

s3

]
s→s+2

−
[

3!

s4

]
s→s+3

=
1

s
− 3

(s+ 1)2
+

6

(s+ 2)3
− 6

(s+ 3)4
.

(iii)

(
e−t

1− t

)2

= e−2t[1− t]−2

= e−2t
[
1 + 2t+ 3t2 + 4t3 + ...

]
∴ L

[
e−t

1− t

]2

= L
{
e−2t

[
1 + 2t+ 3t2 + 4t3 + ...

]}
=

[
L(1) + 2L(t) + 3L(t2) + 4L(t3) + ...

]
s→s+2

=

[
1

s
+ 2.

1!

s2
+ 3.

2!

s3
+ 4.

3!

s4
+ ...

]
s→s+2

=
1

(s+ 2)
+

2!

(s+ 2)2
+

3!

(s+ 2)3
+ ...

=
∞∑
n=0

n!

(s+ 2)n
.

(iv) L[e−t sin2 3t] = L[sin2 3t]s→s+1 = L

[
1− cos 6t

2

]
s→s+1

=
1

2

[
1

s
− s

s2 + 36

]
s→s+1

=

[
18

s(s2 + 36)

]
s→s+1

=
18

(s+ 1)[(s+ 1)2 + 36]
.
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(v) L[e−2t cos3 2t] = L[cos3 2t]s→s+2

= L

[
3 cos 2t+ cos 6t

4

]
s→s+2

=
1

4

[
3s

s2 + 4
+

s

s2 + 36

]
s→s+2

=

[
s(s2 + 28)

(s2 + 4)(s2 + 36)

]
s→s+2

=
(s+ 2)[(s+ 2)2 + 28]

[(s+ 2)2 + 4][(s+ 2)2 + 36]
.

(vi) t2 sinh 3t = t2
[
e3t − e−3t

2

]
=

1

2

[
e3tt2 − e−3tt2

]
∴ L[t3 sinh 3t] =

1

2

[
L(e3tt2)− L(e−3tt2)

]
=

1

2

{
L
[
t2
]
s→s−3

− L
[
t2
]
s→s+3

}
=

1

2

{[
2!

s3

]
s→s−3

−
[

2!

s3

]
s→s+3

}
=

1

(s− 3)3
− 1

(s+ 3)3
=

18(s2 + 3)

(s2 − 9)3
.

(vii) L[e−t sin 2t cos 3t] = L[sin 2t cos 3t]s→s+1

= L

[
1

2
{sin 5t+ sin(−t)}

]
s→s+1

=
1

2
[L(sin 5t)− L(sin t)]s→s+1

=
1

2

[
5

s2 + 25
− 1

s2 + 1

]
s→s+1

=

[
2(s2 − 5)

(s2 + 25)(s2 + 1)

]
s→s+1

=
2[(s+ 1)2 − 5]

[(s+ 1)2 + 25][(s+ 1)2 + 1]
.
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(viii) L[e3t sin t sin 2t] = L[sin t sin 2t]s→s−3

=
1

2
L [cos t− cos 3t]s→s−3

=
1

2

[
s

s2 + 1
− s

s2 + 9

]
s→s−3

=

[
4s

(s2 + 1)(s2 + 9)

]
s→s−3

=
4(s− 3)

[(s− 3)2 + 1][(s− 3)2 + 9]
.

(ix) sinh
t

2
sin

√
3

2
t =

1

2

[
et/2 − e−t/2

]
sin

√
3

2
t

=
1

2

[
et/2 sin

√
3

2
t− e−t/2 sin

√
3

2
t

]

∴ L

[
sinh

t

2
sin

√
3

2
t

]

=
1

2

{
L

[
et/2 sin

√
3

2
t

]
− L

[
e−t/2 sin

√
3

2
t

]}

=
1

2

L
[

sin

√
3

2
t

]
s→s− 1

2

− L

[
sin

√
3

2
t

]
s→s+ 1

2


=

1

2


[ √

3
2

s2 + 3
4

]
s→s− 1

2

−

[ √
3

2

s2 + 3
4

]
s→s+ 1

2


=

√
3

4

{
1[

s− 1
2

]2
+ 3

4

− 1[
s+ 1

2

]2
+ 3

4

}

=

√
3

4

{
1

s2 − s+ 1
− 1

s2 + s+ 1

}
=

√
3

4

[
2s

(s2 − s+ 1)(s2 + s+ 1)

]
=

√
3

2

[
s

s4 + s2 + 1

]
.
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(x) L[cosh t sin 2t] = L

[(
et + e−t

2

)
sin 2t

]
(Nov.’14)

=
1

2

{
L[et sin 2t] + L[e−t sin 2t]

}
=

1

2

{
L[sin 2t]s→(s−1) + L[sin 2t]s→(s+1)

}
=

1

2

{[
2

s2 + 4

]
s→(s−1)

+

[
2

s2 + 4

]
s→(s+1)

}
=

1

(s− 1)2 + 4
+

1

(s+ 1)2 + 4
.

(xi) L[sinh t cos 2t] = L

[(
et − e−t

2

)
cos 2t

]
=

1

2

{
L[et cos 2t]− L[e−t cos 2t]

}
=

1

2

{
L[cos 2t]s→(s−1) − L[cos 2t]s→(s+1)

}
=

1

2

{[
s

s2 + 4

]
s→(s−1)

+

[
s

s2 + 4

]
s→(s+1)

}

=
1

2

[
(s− 1)

(s− 1)2 + 4
− (s+ 1)

(s+ 1)2 + 4

]
.

Example 3.4.4. If L[f(t)] = F (s), show that

(a) L[(sinh at)f(t)] =
1

2
[F (s− a)− F (s+ a)],

(b) L[(cosh at)f(t)] =
1

2
[F (s− a) + F (s+ a)]

Hence evaluate (i) sinh 2t sin 3t, (ii) cosh 3t cos 2t.

Solution .

(a) L[(sinh at)f(t)] = L

[
1

2
(eat − e−at)f(t)

]
=

1

2

[
L(eatf(t))− L(e−at)f(t)

]
=

1

2
[F (s− a)− F (s+ a)] .
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(b) L[(cosh at)f(t)] = L

[
1

2
(eat + e−at)f(t)

]
=

1

2

[
L(eatf(t)) + L(e−at)f(t)

]
=

1

2
[F (s− a) + F (s+ a)] .

(i) L[(sinh 2t) sin 3t] = L

[
1

2
(e2t − e−2t) sin 3t

]
=

1

2

[
L(e2t sin 3t)− L(e−2t) sin 3t)

]
=

1

2

[
3

(s− 2)2 + 9
− 3

(s+ 2)2 + 9

]
,

=
12s

s4 + 10s2 + 169
.

(ii) L[(cosh 3t) cos 2t] = L

[
1

2
(e3t + e−3t) cos 2t

]
=

1

2

[
L(e3t cos 2t) + L(e−3t) cos 2t

]
=

1

2

[
s− 2

(s− 3)2 + 42
+

s− 2

(s− 3)2 + 42

]
=

2s(s2 − 5)

s4 − 10s2 + 169
.

Exercise

Find Laplace transform of the following functions

(i) t3e5t (ii) e−3t sin 2t (iii) (t+ 2)2e−3t (iv) cosh t cos 2t

(v) e2t sin t cos 2t (vi) e−t[3 sin 2t− 5 cosh 2t] (vii) e−t sin2 t

Answers

(i)
6

(s− 5)4
(ii)

2

s2 + 6s+ 13
(iii)

4s2 + 30s+ 50

(s+ 3)2

(iv)
1

2

s− 1

s2 − 2s+ 5
+

1

2

s+ 1

s2 + 2s+ 5
(v)

s2 − 4s+ 1

(s2 − 4s+ 5)(s2 − 4s+ 13)

(vi)
6

s2 + 2s+ 5
− 5s+ 5

s2 + 2s− 3
(vii)

2

(s+ 1)(s2 + 2s+ 5)
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3.4.3 Second Shifting Property

If L[f(t)] = F (s), then L[f(t− a).u(t− a)] = e−asF (s).

Proof:

L[f(t− a).u(t− a)] =

∫ ∞
0

e−stf(t− a)u(t− a) dt

=

∫ a

0
e−stf(t− a).(0) dt+

∫ ∞
a

e−stf(t− a) dt

=

∫ ∞
0

e−s(u+a)f(u) du [Put t− a = u]

= e−as
∫ ∞

0
e−suf(u) du

= e−asF (s).

Note :

W.k.t the unit step function (put f(t) = 1) is, L[u(t− a)] = e−as/s.

Various discontinuous functions can often be expressed in terms

of Heaviside unit step functions as follows:

If f(t) =

{
f1(t), if 0 < t < a;
f2(t), if t > a.

Then f(t) can be written as

f(t) = f1(t) + [f2(t)− f1(t)]u(t− a).

In general, f(t) =



f1(t), if 0 < t < a1;
f2(t), if a1 < t < a2;
f3(t), if a2 < t < a3;
...
fn−1(t), if an−2 < t < an−1;
fn(t), if t > an−1.

Then f(t) can be written as

f(t) = f1(t) + [f2(t)− f1(t)]u(t− a1) + [f3(t)− f2(t)]u(t− a2) +

....+ [fn(t)− fn−1(t)]u(t− an−1).
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3.4.3.1 Problems Based on Second Shifting Property

Example 3.4.5. Find the Laplace transforms of given functions

(i) f(t) =

{
cos
[
t− 2π

3

]
, t > 2π

3 ;
0, t < 2π

3 .
(ii) f(t) =

{
(t− 2)2, t > 2;
0, t < 2.

Solution . (i) Given f(t) =

{
0, 0 < t < 2π

3 ;
cos
[
t− 2π

3

]
, t > 2π

3 .

Let f1(t) = 0, f2(t) = cos
[
t− 2π

3 )
]

then f(t) is written as

f(t) = f1(t) + [f2(t)− f1(t)]u(t− a)

= 0 +

[
cos

(
t− 2π

3

)]
u

(
t− 2π

3

)
∴ L[f(t)] = L

[
cos

(
t− 2π

3

)
u

(
t− 2π

3

)]
by using second shifting theorem,

= e−asL[cos t] where a =
2π

3

=
se−2πs/3

s2 + 1
.

(ii) Given f(t) =

{
0, if 0 < t < 2;
(t− 2)2, if t > 2.

Let f1(t) = 0, f2(t) = (t− 2)2 then f(t) is written as

f(t) = f1(t) + [f2(t)− f1(t)]u(t− a)

= 0 + (t− 2)2u (t− 2)

∴ L[f(t)] = L
[
(t− 2)2u (t− 2)

]
by using second shifting theorem,

= e−asL[t2] where a = 2

=
2e−2s

s3
.
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Example 3.4.6. Express the following functions in terms of unit

step function and find its Laplace transform

(i) f(t) =

{
0, if 0 < t < π

2 ;
sin t, if t > π

2 .
(ii) f(t) =

{
0, if 0 < t < 5;
t− 3, if t > 5.

(iii) f(t) =


sin t, if 0 ≤ t < π;
sin 2t, if π ≤ t < 2π;
sin 3t, t ≥ 2π.

Solution . (i) Given f(t) =

{
0, if 0 < t < π

2 ;
sin t, if t > π

2 .

To apply the second shifting theorem, express the functional val-

ues sin t for t > π/2 in terms of t− (π/2) then we have

g(t) =

{
0, if 0 < t < π

2 ;
sin
(
t− π

2

)
, if t > π

2 .

Let g1(t) = 0, g2(t) = sin
(
t− π

2

)
then g(t) can be written as

g(t) = g1(t) + [g2(t)− g1(t)]u(t− a)

= 0 +
[
sin
(
t− π

2

)]
u
(
t− π

2

)
∴ L[g(t)] = L

[
sin
(
t− π

2

)
u
(
t− π

2

)]
by using second shifting theorem,

= e−asL[sin t] where a =
π

2

=
e−πs/2

s2 + 1
.

(ii) Given f(t) =

{
0, if 0 < t < 5;
t− 3, if t > 5.

To apply the second shifting theorem, express the functional val-

ues t − 3 for t > 5 in terms of t − 5 i.e., express t − 3 as (t − 5) + 2

then we rewrite as

g(t) =

{
0, if 0 < t < 5;
(t− 5) + 2, if t > 5.
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Let g1(t) = 0, g2(t) = (t− 5) + 2 then g(t) can be written as

g(t) = g1(t) + [g2(t)− g1(t)]u(t− a)

= 0 + [(t− 5) + 2]u (t− 5)

∴ L[g(t)] = L {[(t− 5) + 2]u (t− 5)}

by using second shifting theorem,

= e−asL[t+ 2] where a = 5

= e−5s

[
1

s2
+

2

s

]
.

(iii) Given f(t) =


sin t, if 0 ≤ t < π;
sin 2t, if π ≤ t < 2π;
sin 3t, t ≥ 2π.

Let f1(t) = sin t, f2(t) = sin 2t and f3(t) = sin 3t then,

f(t) = f1(t) + [f2(t)− f1(t)]u(t− π) + [f3(t)− f2(t)]u(t− 2π)

= sin t+ [sin 2t− sin t]u(t− π) + [sin 3t− sin 2t]u(t− 2π).

∴ L[f(t)] = L[sin t] + L[(sin 2t− sin t)u(t− π)]

+ [sin 3t− sin 2t]u(t− 2π)

by using second shifting theorem and L[sin at] =
a

s2 + a2

=
1

s2 + 1
+ e−πsL[sin 2t− sin t]− e−2πsL[sin 3t− sin 2t]

=
1

s2 + 1
+ e−πs

[
2

s2 + 4
− 1

s2 + 1

]
− e−2πs

[
3

s2 + 9
− 2

s2 + 4

]
.

Note: On the other way, f(t) in the above problem is written as,

f(t) = sin t.[u(t− 0)− u(t− π)] + sin 2t.[u(t− π)− u(t− 2π)]

+ sin 3t.u(t− 2π)

= sin t+ [sin 2t− sin t].u(t− π) + [sin 3t− sin 2t].u(t− 2π).
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Example 3.4.7. Obtain Laplace transform of following functions

(i) (t− 1)3u1(t), (ii) 4 sin(t− 3)u(t− 3), (iii) 4u(t− π) cos t,

(iv) e−t[1− u(t− 2)]

Solution .

(i) L[(t− 1)3u1(t)] = L[(t− 1)3.u(t− 1)]

= L[(t− 1)3.u(t− 1)], using second shifting

= e−asL[t3], where a = 1

= e−s
3!

s4
=

6e−s

s4
.

(ii) L[4 sin(t− 3)u(t− 3)] = 4L[sin(t− 3)u(t− 3)]

using second shifting property

= 4e−asL[sin t], where a = 3

=
4e−3s

s2 + 1
.

(iii) L[4u(t− π) cos t] = 4L{u(t− π) cos[(t− π) + π]}

using second shifting property

= 4e−asL[cos(t+ π)], where a = π

= −4e−πsL[cos t]

= −4e−πs
[

s

s2 + 1

]
.

(iv) L
{
e−t[1− u(t− 2)]

}
= L[e−t]− L[e−t.u(t− 2)]

=
1

s+ 1
− L[e−[(t−2)+2].u(t− 2)] by second shifting

=
1

s+ 1
− e−asL[e−[t+2]], where a = 2

=
1

s+ 1
− e−2se−2L[e−t]

=
1

s+ 1
− e−2(s+1)

s+ 1
.
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Exercise

Find Laplace transforms of the following functions

(i)f(t) =

{
cos
[
t− π

6

]
, t > π

6 ;
0, t < π

6 .
(ii) f(t) =

{
sin
[
t− 2π

3

]
, t > 2π

3 ;
0, t < 2π

3 .

Express f(t) in terms of unit step function then find its Laplace

transform

(iii) f(t) =

{
e−t, if 0 < t < 3;
0, if t > 3.

(iv) f(t) =

{
t, if 0 < t < 3;
3, t > 3.

(v) f(t) =

{
sin t, if t > π;
cos t, if t < π.

(vi) f(t) =


0, if 0 < t < 1;
t− 1, if 1 < t < 2;
1, t > 2.

Obtain Laplace transforms for the following functions

(vii) 4 sin(t− 3)u(t− 3), (viii) sin t.u(t− π), (ix) e−3tu(t− 2).

Answers

(i)
se−πs/6

s2 + 1
, (ii)

e−2πs/3

s2 + 1
,

(iii)
1− e−3(s+1)

s+ 1
, (iv)

1− e−3s

s2
,

(v)
s(1− e−sπ)

s2 + 1
+

e−sπ

s2 + 1
, (vi)

e−s − e−2s

s2

(vii)
4e−3s

s2 + 1
, (viii)

e−πs

s2 + 1
,

(ix)
e−(2s+6)

s+ 3
.
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3.4.4 Change of Scale Property

If L[f(t)] = F (s) then

(i) L [f(at)] =
1

a
F
(s
a

)
(ii) L

[
f

(
t

a

)]
= a F (as)

Proof:

(i) L[f(at)] =

∫ ∞
0

e−stf(at) dt

=

∫ ∞
0

e−su/af(u)
du

a
[Put at = u ∴ dt = du/a]

=
1

a

∫ ∞
0

e−(s/a)uf(u) du

=
1

a
F
(s
a

)
.

(ii) L

[
f

(
t

a

)]
=

∫ ∞
0

e−stf

(
t

a

)
dt

=

∫ ∞
0

e−s(au)f(u) adu

[
Put

t

a
= u ∴ dt = adu

]
= a

∫ ∞
0

e−(as)uf(u) du

= aF (as) .

Problems Based on Change of Scale Property

Example 3.4.8. Find L
[

sin at
at

]
, given that L

[
sin t
t

]
= tan−1

(
1
s

)
Solution . Since given result is

L

[
sin t

t

]
= tan−1

(
1

s

)
By the change scale of property,

L

[
sin at

at

]
=

1

a
tan−1

(
1

s/a

)
=

1

a
tan−1

(a
s

)
.
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3.5 Laplace Transform of tnf(t)

If L[f(t)] = F (s) then

L[tnf(t)] = (−1)n
dn

dsn
F (s); n = 1, 2, 3, ..

Proof:

By the definition L[f(t)] =

∫ ∞
0

e−stf(t) dt = F (s)

Differentiating both sides w.r.to s, we get

d

ds

[∫ ∞
0

e−stf(t) dt

]
=

d

ds
F (s)∫ ∞

0

∂

∂s
e−stf(t) dt =

d

ds
F (s)∫ ∞

0
(−t)e−stf(t) dt =

d

ds
F (s)

or

∫ ∞
0

e−st[tf(t)] dt = − d

ds
F (s).

Which proves the theorem to be true for n = 1.

Now we assume that the theorem to be true for n = m, so that∫ ∞
0

e−st[tmf(t)] dt = (−1)m
dm

dsm
F (s)

∴
d

ds

∫ ∞
0

e−st[tmf(t)] dt = (−1)m
dm+1

dsm+1
F (s) [by Leibnitz’s rule]∫ ∞

0

∂

∂s
e−st[tmf(t)] dt = (−1)m

dm+1

dsm+1
F (s)∫ ∞

0
(−t)e−st[tmf(t)] dt = (−1)m

dm+1

dsm+1
F (s)

or

∫ ∞
0

e−st[tm+1f(t)] dt = (−1)m+1 d
m+1

dsm+1
F (s).

If the theorem is true for n = m, it is also true for n = m+ 1. But it

is true for n = 1. Hence it is true for n = 1 + 1 = 2 and n = 2 + 1 = 3

and so on. Thus the theorem is true for all positive integers of n.
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Example 3.5.1. Find the Laplace transforms of following functions

(i) t cos at (May’14), (ii) t sin at (May’14), (iii t2 sin at (Jan.’15),

(iv) t2 cos at

Solution .

(i) L[t cos at] = − d

ds
L[cos at] = − d

ds

[
s

s2 + a2

]
(May’14)

= −
[

(s2 + a2)− s.2s
(s2 + a2)2

]
=

s2 − a2

(s2 + a2)2
.

(ii) L[t sin at] = − d

ds
L[sin at] = − d

ds

[
a

s2 + a2

]
(May’14)

= −
[
−a.2s

(s2 + a2)2

]
=

2as

(s2 + a2)2
.

(iii) L[t2 sin at] = (−1)2 d
2

ds2
L[sin at] (Jan.’15)

=
d

ds

d

ds

[
a

s2 + a2

]
=

d

ds

[
−2as

(s2 + a2)2

]
= −2a

[[
s2 + a2

]2
.1− s.[2(s2 + a2).2s]

(s2 + a2)4

]

=
2a(3s2 − a2)

(s2 + a2)3
.

(iv) L[t2 cos at] = (−1)2 d
2

ds2
L[cos at] =

d

ds

d

ds

[
s

s2 + a2

]
=

d

ds

[
(s2 + a2).1− s.2s

(s2 + a2)2

]
=

d

ds

[
a2 − s2

(s2 + a2)2

]
=

[
s2 + a2

]2
.(−2s)− (a2 − s2).[2(s2 + a2).2s]

(s2 + a2)4

=
−2s(s2 + a2)− 4s.(a2 − s2)

(s2 + a2)3

=
2s(s2 − 3a2)

(s2 + a2)3
.



290 Engineering Mathematics − II

Problems Based on L[tnf(t)]

Example 3.5.2. Find the Laplace transforms of following functions

(i) t cos2 t, (ii) t sin3 t, (iii) t sinh3 t, (iv) t sin 3t cos 2t (Apr’11),

(v) t2 cos 3t (Apr’03) (vi) (t sin at)2, (vii) t3e−3t

Solution .

(i) L[t cos2 t] = (−1)
d

ds
L

[
1 + cos 2t

2

]
= −1

2

d

ds

[
1

s
+

s

s2 + 4

]
= −1

2

[
−1

s2
+

(s2 + 4)− s.2s
(s2 + 4)2

]
=

1

2

[
1

s2
+

s2 − 4

(s2 + 4)2

]
.

(ii)L[t sin3 t] = (−1)
d

ds
L

[
3 sin t− sin 3t

4

]
= −1

4

d

ds

[
3

s2 + 1
− 3

s2 + 9

]
= −3

4

[
− 2s

(s2 + 1)2
+

2s

(s2 + 9)2

]
=

3s

2

[
1

(s2 + 1)2
− 1

(s2 + 9)2

]
.

(iii) L[t sinh3 t] = (−1)
d

ds
L

[
et − e−t

2

]3

= −1

8

d

ds
L
[
e3t − 3et + 3e−t − e−3t

]
= −1

8

d

ds

[
1

s− 3
− 3

s− 1
+

3

s+ 1
− 1

s+ 3

]
=

1

8

[
1

(s− 3)2
− 3

(s− 1)2
+

3

(s+ 1)2
− 1

(s+ 3)2

]
.

Aliter

L[t sinh3 t] = L

[
t

(
et − e−t

2

)3
]

=
1

8
L
[
t
(
e3t − 3et + 3e−t − e−3t

)]
[by first shifting]

=
1

8

[
1

(s− 3)2
− 3

(s− 1)2
+

3

(s+ 1)2
− 1

(s+ 3)2

]
.
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(iv) L [t sin 3t cos 2t] = (−1)
d

ds
L [sin 3t cos 2t] (Apr’11)

= (−1)
d

ds
L

{
1

2
[sin(3t+ 2t) + sin(3t− 2t)]

}
= −1

2

d

ds

{
5

s2 + 25
+

1

s2 + 1

}
= −1

2

{
−10s

(s2 + 25)2
+

−2s

(s2 + 1)2

}
=

5s

(s2 + 25)2
+

s

(s2 + 1)2
.

(v) L[t2 cos 3t] = (−1)2 d
2

ds2
L[cos 3t] (Apr’03)

=
d

ds

d

ds

[
s

s2 + 9

]
=

d

ds

[
(s2 + 9).1− s.2s

(s2 + 9)2

]
=

d

ds

[
9− s2

(s2 + 9)2

]
=

[
s2 + 9

]2
.(−2s)− (9− s2).[2(s2 + 9).2s]

(s2 + 9)4

=
−2s(s2 + 9)− 4s.(9− s2)

(s2 + 9)3
=

2s3 − 54s

(s2 + 9)3
.

(vi) L[(t sin at)2] = L

[
t2
(

1− cos 2at

2

)]
=

(−1)2

2

d2

ds2
L [1− cos 2at] =

1

2

d2

ds2

[
1

s
− s

s2 + 4a2

]
=

1

2

d

ds

{
− 1

s2
−
[

(s2 + 4a2)− s.2s
s2 + 4a2

]}
=

1

2

d

ds

{
− 1

s2
+

[
s2 − 4a2

(s2 + 4a2)2

]}
=

1

2

[
2

s3
+

2s(12a2 − s2)

(s2 + 4a2)3

]
=

1

s3
+
s(12a2 − s2)

(s2 + 4a2)3
.
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(vii) L[t3e−3t] = (−1)3 d
3

ds3
L[e−3t] = (−1)3 d

3

ds3

[
1

s+ 3

]
= − (−1)3.3!

(s+ 3)3+1
=

6

(s+ 3)4
.

Aliter: L[t3e−3t] = L[t3]s→s+3 =

[
3!

s4

]
s→s+3

=
6

(s+ 3)4
.

Problems Based on L[eattnf(t)]

Example 3.5.3. Find Laplace transforms of the following functions

(i) te−t sin 3t, (ii) te−2t cos t (Nov.’06), (iii) te−2t cos 3t (Nov.’15),

(iv) t sin t
e2t

(Nov.’01) (v) te−2t sinh 3t, (vi) t cosh t cos t, (vii) t2et sin t

(Apr.’11) (viii) t2e2t cos 3t (Apr.’09)

Solution .

(i) L[te−t sin 3t] = L[t sin 3t]s→(s+1) ...(1)

L[t sin 3t] = (−1)
d

ds
L[sin 3t] = (−1)

d

ds

[
3

s2 + 9

]
=

6s

(s2 + 9)2
. ...(2)

Using (2) in (1), we have

L[te−t sin 3t] =

[
6s

(s2 + 9)2

]
s→(s+1)

=
6(s+ 1)

(s2 + 2s+ 10)2
.

(ii) L[te−2t cos t] = L[t cos t]s→(s+2) ...(1) (Nov.’06)

L[t cos t] = (−1)
d

ds
L[cos t] = (−1)

d

ds

[
s

s2 + 1

]
= (−1)

[(
s2 + 1

)
− s.2s

(s2 + 1)2

]
=

s2 − 1

(s2 + 1)2
...(2)

Using (2) in (1), we have

L[te−2t cos t] =

[
s2 − 1

(s2 + 1)2

]
s→(s+2)

=
(s+ 2)2 − 1

[(s+ 2)2 + 1]2
=

s2 + 4s+ 3

[s2 + 4s+ 5]2
.

(iii) L[te−2t cos 3t] = L[t cos 3t]s→(s+2) ...(1) (Nov.’15)
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L[t cos 3t] = (−1)
d

ds
L[cos 3t] = (−1)

d

ds

[
s

s2 + 9

]
= (−1)

[(
s2 + 9

)
.1− s.2s

(s2 + 9)2

]
=

s2 − 9

(s2 + 9)2
...(2)

Using (2) in (1), we have

L[te−2t cos 3t] =

[
s2 − 9

(s2 + 9)2

]
s→(s+2)

=
(s+ 2)2 − 9

[(s+ 2)2 + 9]2

=
s2 + 4s− 5

[s2 + 4s+ 13]2
.

(iv) L

[
t sin t

e2t

]
= L

[
e−2t t sin t

]
= L[t sin t]s→(s+2)...(1) (Nov’01)

L[t sin t] = (−1)
d

ds

[
1

s2 + 1

]
=

2s

(s2 + 1)2
. ...(2)

Using (2) in (1), we have

L

[
t sin t

e2t

]
=

[
2s

(s2 + 1)2

]
s→(s+2)

=
2(s+ 2)

[s2 + 4s+ 5]2
.

(v) L[te−2t sinh 3t] = L[t sinh 3t]s→s+2 ...(1)

L[t sinh 3t] = (−1)
d

ds

[
3

s2 − 9

]
=

6s

(s2 − 9)2 ...(2)

Using (2) in (1), we have

L
[
te−2t sinh 3t

]
=

[
6s

(s2 − 9)2

]
s→(s+2)

=
6(s+ 2)

[s2 + 4s− 5]2
.

Aliter:

L[te−2t sinh 3t] = L

{
te−2t

(
e3t − e−3t

)
2

}
=

1

2

{
L(tet)− L(te−5t)

}
=

1

2

{[
1

s2

]
s→s−1

−
[

1

s2

]
s→s+5

}
=

1

2

{
1

(s− 1)2
− 1

(s+ 5)2

}
=

1

2

{
12s+ 24

(s− 1)2(s+ 5)2

}
=

6(s+ 2)

(s− 1)2(s+ 5)2
.
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(vi) L[t cosh t cos t] = L

[
t

(
et − e−t

2

)
cos t

]
=

1

2

[
L(tet cos t)− L(te−t cos t)

]
=

1

2
[L(t cos t)s→s−1 − L(t cos t)s→s+1]

=
1

2

[{
s2 − 1

(s2 + 1)2

}
s→s−1

−
{

s2 − 1

(s2 + 1)2

}
s→s+1

]
=

1

2

[
s2 − 2s

(s2 − 2s+ 2)2
− s2 + 2s

(s2 + 2s+ 2)2

]
.

(vii) L
[
t2et sin t

]
= L[t2 sin t]s→(s−1) ...(1) (Apr.’11)

L[t2 sin t] = (−1)2 d
2

ds2
L[sin t] =

d

ds

d

ds

[
1

s2 + 1

]
=

d

ds

[
− 2s

(s2 + 1)2

]
= −2

{
(s2 + 1)2 − s.[2(s2 + 1).2s]

(s2 + 1)4

}
= −2

{
1− 3s2

(s2 + 1)3

}
=

2(3s2 − 1)

(s2 + 1)3 ...(2)

Using (2) in (1), we have

L
[
t2et sin t

]
=

[
2(3s2 − 1)

(s2 + 1)3

]
s→(s−1)

=
2
[
3(s− 1)2 − 1

]
[(s− 1)2 + 1]3

=
2
[
3s2 − 6s+ 2

]
[s2 − 2s+ 2]3

.

(viii) L
[
t2e2t cos 3t

]
= L[t2 cos 3t]s→(s−2) ...(1) (Apr’09)

L[t2 cos 3t] = (−1)2 d
2

ds2
L[cos 3t]

=
d

ds

d

ds

[
s

s2 + 9

]
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=
d

ds

[
(s2 + 9).1− s.2s

(s2 + 9)2

]
=

d

ds

[
(s2 + 9)− 2s2

(s2 + 9)2

]
=

d

ds

[
9− s2

(s2 + 9)2

]
=

[
s2 + 9

]2
.(−2s)− (9− s2).[2(s2 + 9).2s]

(s2 + 9)4

=
−2s(s2 + 9)− 4s.(9− s2)

(s2 + 9)3

=
2s3 − 54s

(s2 + 9)3 ...(2)

Using in (2) in (1), we have

L
[
t2e2t cos 3t

]
=

[
2s3 − 54s

(s2 + 9)3

]
s→(s−2)

=
2(s− 2)3 − 54(s− 2)

[(s− 2)2 + 9]3

=
2[s3 − 6s2 + 12s− 8]− 54(s− 2)

[s2 − 4s+ 4 + 9]3

=
2s3 − 12s2 − 30s+ 92

[s2 − 4s+ 13]3
.

Exercise

Example 3.5.4. Find the Laplace transforms of given functions

(i) t cosh 3t (ii) t(3 sin 2t− 2 cos 2t) (iii) t sin 3t cos 2t (iv) t cos3 t

(v) t2 sin 2t (vi) t3 cos t (vii) e−4tt sin 3t (viii) te−2t cos 2t

(ix) te−2t sinh 2t (x) te−t cosh t (xi) te−2t cosh 2t (xii) t2e−t sin 2t

(xiii) t2e−t cos t.
Answers

(i)
s2 + 9

(s2 − 9)2
(ii)

8 + 12s− 2s2

(s2 + 4)2
(iii)

5s

(s2 + 25)2
+

s

(s2 + 1)2

(iv)
1

4

[
3s2 − 12

(s2 + 4)2
+

s2 − 36

(s2 + 36)2

]
(v)

4(3s2 − 4)

(s2 + 4)3
(vi)

6s4 − 36s2 + 6

(s2 + 1)4

(vii)
6(s+ 4)

(s2 + 8s+ 25)2
(viii)

s(s+ 4)

(s2 + 4s+ 8)2
(ix)

4(s+ 2)

s2(s+ 4)2
(x)

s2 + 2s+ 2

(s2 + 2s)2

(xi)
s2 + 4s+ 8

s2(s+ 4)2
(xii)

4(3s2 + 6s− 1)

(s2 + 2s+ 5)3
(xiii)

2(s+ 1)(s2 + 2s− 3)

(s2 + 2s+ 2)3
.
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3.6 Laplace Transform of f(t)
t

If L[f(t)] = F (s) then (Nov’03)

L

[
f(t)

t

]
=

∫ ∞
s

F (s) ds, provided lim
t→0

f(t)

t
exists.

We have F (s) =

∫ ∞
0

e−stf(t) dt

Integrating both sides w.r.to s from s to ∞.∫ ∞
s

F (s) ds =

∫ ∞
s

∫ ∞
0

e−stf(t) dt ds

Where s and t are independent variables so that the order in the

double integration can be interchanged.

∴
∫ ∞
s

F (s) ds =

∫ ∞
0

∫ ∞
s

e−stf(t) ds dt

=

∫ ∞
0

f(t)

∫ ∞
s

e−st ds dt

=

∫ ∞
0

f(t)

[
e−st

−t

]∞
s

dt

=

∫ ∞
0

f(t)

[
0− e−st

−t

]
dt

=

∫ ∞
0

e−st
[
f(t)

t

]
dt

[
e−∞ = 0

]
= L

[
f(t)

t

]
.

∴ L

[
f(t)

t

]
=

∫ ∞
s

F (s) ds. Where F [s] = L[f(t)].

Note: Extending the above rule, we get

L

[
f(t)

t2

]
=

∫ ∞
s

∫ ∞
s

F (s) dsds

L

[
f(t)

tn

]
=

∫ ∞
s

∫ ∞
s

...

∫ ∞
s

F (s) (ds)n
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Problems based on
f(t)

t

Example 3.6.1. Evaluate: (i) L
[

1−et
t

]
, (ii) L

[
e−at−e−bt

t

]
(iii) L

[
et−1
te2t

]
(Apr.’07), (iv) L

[
eat−cos bt

t

]
(Apr.’06, Apr.’13),

(v) L
[

1−cos at
t

]
(Nov.’04), (vi) L

[
cos at−cos bt

t

]
(vii) L

[
sinh at
t

]
(viii)

L
[

sin2 t
t

]
(Nov.’05, Nov.’07), (ix) L

[
2 sin t sin 2t

t

]
.

Solution .

(i) L

[
1− et

t

]
=

∫ ∞
s

L
[
1− et

]
ds =

∫ ∞
s

[
1

s
− 1

s− 1

]
ds

= [log(s)− log(s− 1)]∞s =

[
log

(
s

s− 1

)]∞
s

=

[
log

(
1

1− 1/s

)]
s→∞

− log

(
s

s− 1

)
= log(1) + log

(
s

s− 1

)−1

[∵ log 1 = 0]

= log

(
s− 1

s

)
.

(ii) L

[
e−at − e−bt

t

]
=

∫ ∞
s

L
[
e−at − e−bt

]
ds

=

∫ ∞
s

[
1

s+ a
− 1

s+ b

]
ds

= [log(s+ a)− log(s+ b)]∞s =

[
log

(
s+ a

s+ b

)]∞
s

=

[
log

(
1 + a/s

1 + b/s

)]
s→∞

− log

(
s+ a

s+ b

)
= log(1) + log

(
s+ a

s+ b

)−1

= log

(
s+ b

s+ a

)
.

Evaluate : L

[
e−2t − e−3t

t

]
. (Apr’03)
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Replace a = 2 and b = 3 in the above problem and proceeding the

steps as in the above, we get log
(
s+3
s+2

)
.

(iii)
et − 1

te2t
=

(et − 1)e−2t

t
=
e−t − e−2t

t

L

[
et − 1

te2t

]
= L

[
e−t − e−2t

t

]
(Apr’07)

[The steps are as in (ii)]

= log

(
s+ 2

s+ 1

)
.

(iv) L

[
eat − cos bt

t

]
=

∫ ∞
s

L
[
eat − cos bt

]
ds (Apr’06, Apr.’13)

=

∫ ∞
s

[
1

s− a
− s

s2 + b2

]
ds

=

[
log(s− a)− 1

2
log(s2 + b2)

]∞
s

=

[
log

(
s− a√
s2 + b2

)]∞
s

=

[
log

(
1− a/s√
1 + b2/s2

)]
s→∞

− log

(
s− a√
s2 + b2

)

= log

(√
s2 + b2

s− a

)
. ‘

(v) L

[
1− cos at

t

]
=

∫ ∞
s

L [1− cos at] ds (Nov.’04)

=

∫ ∞
s

[
1

s
− s

s2 + a2

]
ds =

[
log(s)− 1

2
log(s2 + a2)

]∞
s

=

[
log

(
s√

s2 + a2

)]∞
s

=

[
log

(
1√

1 + a2/s2

)]
s→∞

− log

(
s√

s2 + a2

)

= log

(√
s2 + a2

s

)
.
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(vi) L

[
cos at− cos bt

t

]
=

∫ ∞
s

L [cos at− cos bt] ds

=

∫ ∞
s

[
s

s2 + a2
− s

s2 + b2

]
ds

=
1

2

[
log
(
s2 + a2

)
− log

(
s2 + b2

)]∞
s

=
1

2

[
log

(
s2 + a2

s2 + b2

)]∞
s

=
1

2

{[
log

(
1 + a2/s2

1 + b2/s2

)]
s→∞

− log

(
s2 + a2

s2 + b2

)}
= log

(√
s2 + b2

s2 + a2

)
.

Note: Evaluate : L
[

cos 2t−cos 3t
t

]
. Replace a = 2 and b = 3 in the

above problem and proceeding then we get, log
√

s2+9
s2+4

.

(vii) L

[
sinh at

t

]
=

∫ ∞
s

L [sinh at] ds =

∫ ∞
s

a

s2 − a2
ds

= a

[
1

2a
log

(
s− a
s+ a

)]∞
s

=

[
1

2
log

(
1− a/s
1 + a/s

)]
s→∞

− 1

2
log

(
s− a
s+ a

)
=

1

2
log

(
s+ a

s− a

)
.

(viii) L

(
sin2 t

t

)
=

1

2

∫ ∞
s

L [1− cos 2t] ds (Nov’05, Nov’07)

=
1

2

∫ ∞
s

[
1

s
− s

s2 + 4

]
ds =

1

2

[
log s− 1

2
log(s2 + 4)

]∞
s

=
1

2

[
log s− log

√
s2 + 4

]∞
s

=
1

2

{[
log

(
1√

1 + 4/s2

)]
s→∞

−
[
log

(
s√

s2 + 4

)]}

=
1

2
log

(√
s2 + 4

s

)
.
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(ix) L

[
2 sin t sin 2t

t

]
=

∫ ∞
s

L[2 sin t sin 2t] ds

=

∫ ∞
s

L [cos t− cos 3t] ds

=

∫ ∞
s

[
s

s2 + 1
− s

s2 + 9

]
ds =

[
1

2
log

(
s2 + 1

s2 + 9

)]∞
s

=

[
1

2
log

(
1 + 1/s2

1 + 9/s2

)]
s→∞

−
[

1

2
log

(
s2 + 1

s2 + 9

)]
=

1

2
log

(
s2 + 9

s2 + 1

)
.

Example 3.6.2. Does L
[

cos at
t

]
exist.

Solution . Let f(t) = cos at then limt→0
cos at
t = 1

0 = ∞. Since

limt→0
f(t)
t does not exist. So that L

[
cos at
t

]
does not exist.

Example 3.6.3. Find L
[

sin at
t

]
. Hence show that

∫∞
0

sin t
t dt = π

2 .

Solution .

L

[
sin at

t

]
=

∫ ∞
s

L [sin at] ds =

∫ ∞
s

a

s2 + a2
ds

= a

[
1

a
tan−1(s/a)

]∞
s

= tan−1(∞)− tan−1(s/a)

=
π

2
− tan−1(s/a)

= cot−1(s/a) = tan−1(a/s).

Now

∫ ∞
0

f(t)

t
dt = lim

s→0

∫ ∞
0

e−st.
sin t

t
dt

= lim
s→0

L

[
sin t

t

]
= lim

s→0
tan−1(1/s) where a = 1

= tan−1(∞) =
π

2
.
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Exercise

Find the Laplace transforms of the following functions

(i)
sin at

t
(ii)

e−t sin t

t
(iii)

e−t sin t

t
(iv)

1− cos 2t

t
(v)

1− cosh t

t

(vi)
cos 4t sin 2t

t
.

Answers

(i) cot−1
(s
a

)
(ii) cot−1(s+ 1) (iii) cot−1(s+ 1) (iv) log

(√
s2 + 4

s

)

(v) log

(√
s2 − 1

s

)
(vi)

1

2

[
tan−1

(s
2

)
− tan−1

(s
6

)]
.

Example 3.6.4. Find the Laplace transform f(t) = te−t cos t+ sin 2t
t

(May ’02, Nov’08, Nov’09)Solution .

Let L[f(t)] = L

[
te−t cos t+

sin 2t

t

]
= L

[
te−t cos t

]
+ L

[
sin 2t

t

]
= I1 + I2

...(1)
To Find I1:

I1 = L
[
te−tcost

]
= L[t cos t]s→(s+1) ...(2)

Now L[t cos t] = (−1)
d

ds
L[cos t] = (−1)

d

ds

[
s

s2 + 1

]
= (−1)

[(
s2 + 1

)
− s.2s

(s2 + 1)2

]

=
s2 − 1

(s2 + 1)2
...(3)

Using (3) in (2), we have

L[te−t cos t] =

[
s2 − 1

(s2 + 1)2

]
s→(s+1)

=
(s+ 1)2 − 1

[(s+ 1)2 + 1]2

∴ I1 =
s2 + 2s

[s2 + 2s+ 2]2
.
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To find I2:

I2 = L

[
sin 2t

t

]
=

∫ ∞
s

L [sin 2t] ds

=

∫ ∞
s

2

s2 + 22
ds

= 2

[
1

2
tan−1 s

2

]∞
s

=
[
tan−1 s

2

]∞
s

=
π

2
− tan−1 s

2
= cot−1

(s
2

)
.

Substitute I1 and I2 values in equation (1) we get

L[f(t)] =
s2 + 2s

[s2 + 2s+ 2]2
+
(s

2

)
.

3.7 Initial and Final Value Theorems

[State and prove initial and final value theorems.] (Apr’12)

Statement: If L[f(t)], L[f ′(t)] are exist and L[f(t)] = F (s) then

(i) lim
t→ 0

f(t) = lim
s→ ∞

sF (s) [I.V.T ]

(ii) lim
t→ ∞

f(t) = lim
s→ 0

sF (s) [F.V.T ]

Proof: To prove (i) [I.V.T]:

We know that L[f ′(t)] = sF (s)− f(0)

∴ sF (s) = L[f ′(t)] + f(0)

=

∫ ∞
0

e−stf ′(t) dt+ f(0)

Taking limit as s→∞ on both sides, we get

lim
s→∞

sF (s) = lim
s→∞

∫ ∞
0

e−stf ′(t) dt+ f(0)

= 0 + f(0)

i.e. lim
s→∞

sF (s) = lim
t→0

f(t). Hence proved I.V.T.
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To prove (ii) [F.V.T]:

W.k.t. L[f ′(t)] = sF (s)− f(0)

∴ sF (s) = L[f ′(t)] + f(0) =

∫ ∞
0

e−stf ′(t) dt+ f(0)

Taking limit as s→ 0 on both sides, we get

lim
s→0

sF (s) = lim
s→0

∫ ∞
0

e−stf ′(t) dt+ f(0)

=

∫ ∞
0

f ′(t) dt+ f(0) = [f(t)]∞0 + f(0)

= lim
t→∞

f(t)− f(0) + f(0)

Thus lim
s→0

sF (s) = lim
t→∞

f(t). Hence proved F.V.T.

Example 3.7.1. Verify Initial and final value theorems for the func-

tions (i) f(t) = 1+e−t[sin t+cos t], (ii) f(t) = e−t(t+2)2,

(iii) f(t) = e−t cos2 t, (iv) f(t) = L−1
[

1
s(s+2)2

]
Solution . (i) Given f(t) = 1 + e−t[sin t+ cos t]. (Apr’08)

W.k.t. the Initial and final value theorems of Laplace transform,

(i) lim
t→0

f(t) = lim
s→∞

sF (s). (ii) lim
t→∞

f(t) = lim
s→0

sF (s).

F (s) = L[f(t)] = L[1] + L
[
e−t(sin t+ cos t)

]
=

1

s
+ L [sin t+ cos t]s→s+1

=
1

s
+

[
1

s2 + 1
+

s

s2 + 1

]
s→s+1

=
1

s
+

[
1 + s

s2 + 1

]
s→s+1

∴ F (s) =
1

s
+

[
s+ 2

s2 + 2s+ 2

]
Thus sF (s) = 1 +

[
s2 + 2s

s2 + 2s+ 2

]
.

∴ lim
t→0

f(t) = lim
t→0

[
1 + e−t(sin t+ cos t)

]
= 2 ...(1)
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lim
s→∞

sF (s) = lim
s→∞

[
1 +

(
s2 + 2s

s2 + 2s+ 2

)]
= 1 + lim

s→∞

[
s2[1 + (2/s)]

s2[1 + (2/s) + (2/s2)]

]
= 1 +

[
1 + 0

1 + 0 + 0

]
= 2.

...(2)

From (1) and (2) we have limt→0 f(t) = lims→∞ sF (s) = 2.

Hence Initial value theorem is verified.

To verify F.V.T:

lim
t→∞

f(t) = lim
t→∞

[1 + e−t(sin t+ cos t)] = 1. ...(3)

When t tends to ∞ before that e−t will reach to ∞. ∴ e−∞ = 0.

lim
s→0

sF [s] = lim
s→0

[
1 +

(
s2 + 2s

s2 + 2s+ 2

)]
= 1.

...(4)

From (3)& (4) limt→∞ f(t) = lims→0 sF (s) = 1 ∴ F.V.T. is verified.

(ii) Given f(t) = e−t(t+ 2)2.
(Apr.’05, Nov.’10, Nov.’13, Nov.’15)

W.k.t. the Initial and final value theorems of Laplace transform,

(i) lim
t→0

f(t) = lim
s→∞

sF (s). (ii) lim
t→∞

f(t) = lim
s→0

sF (s).

F [s] = L[f(t)] = L[e−t(t2 + 4t+ 4)]

= L[t2 + 4t+ 4]s→(s+1)

=

[
2!

s3
+ 4

1!

s2
+ 4

1

s

]
s→(s+1)

∴ F (s) =
2

(s+ 1)3
+

4

(s+ 1)2
+

4

s+ 1

Thus sF [s] =
2s

(s+ 1)3
+

4s

(s+ 1)2
+

4s

s+ 1

∴ lim
t→0

f(t) = lim
t→0

[e−t(t2 + 4t+ 4)] = 4.
[
∵ e−0 = 1

]
...(1)
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lim
s→∞

sF [s] = lim
s→∞

[
2s

s3(1 + 1/s)3
+

4s

s2(1 + 1/s)2
+

4s

s(1 + 1/s)

]
= lim

s→∞

[
2

s2(1 + 1/s)3
+

4

s(1 + 1/s)2
+

4

(1 + 1/s)

]
= 0 + 0 + 4 = 4. ...(2)

From (1) and (2) limt→0 f(t) = lims→∞ sF (s) = 4.

Hence Initial value theorem is verified.

To verify F.V.T:

∴ lim
t→∞

f(t) = lim
t→∞

[e−t(t2 + 4t+ 4)] = 0. ...(3)

lim
s→0

sF [s] = lim
s→0

[
2s

(s+ 1)3
+

4s

(s+ 1)2
+

4s

s+ 1

]
= 0. ...(4)

From equations (3) and (4) limt→∞ f(t) = lims→0 sF (s) = 0.

Hence Final value theorem is verified.

(iii) Given f(t) = e−t cos2 t.

W.k.t. the Initial and final value theorems of Laplace transform,

(i) lim
t→0

f(t) = lim
s→∞

sF (s). (ii) lim
t→∞

f(t) = lim
s→0

sF (s).

F (s) = L[f(t)] = L
[
e−t cos2 t

]
= L

[
e−t
(

1 + cos 2t

2

)]
=

1

2

[
1

s
+

s

s2 + 4

]
s→(s+1)

=
1

2

[
1

s+ 1
+

s+ 1

s2 + 2s+ 5

]
Thus sF (s) =

1

2

[
s

s+ 1
+

s2 + s

s2 + 2s+ 5

]
.

∴ lim
t→0

f(t) = lim
t→0

[
e−t cos2 t

]
= 1. ...(1)



306 Engineering Mathematics − II

lim
s→∞

sF (s) = lim
s→∞

1

2

[
s

s+ 1
+

s2 + s

s2 + 2s+ 5

]
= lim

s→∞

1

2

[
1

1 + 1/s
+

1 + 1/s

1 + 2/s+ 5/s2

]
=

1

2
[1 + 1] = 1. ...(2)

From (1) and (2) we have limt→0 f(t) = lims→∞ sF (s) = 1.

Hence Initial value theorem is verified.

To verify F.V.T:

lim
t→∞

f(t) = lim
t→∞

[e−t cos2 t] = 0. [∵ e−∞ = 0] ...(3)

lim
s→0

sF [s] = lim
s→0

1

2

[
s

s+ 1
+

s2 + s

s2 + 2s+ 5

]
= 0. ...(4)

From (3) & (4) limt→∞ f(t) = lims→0 sF (s) = 0. ∴ F.V.T. is verified.

(iv) Given f(t) = L−1

[
1

s(s+ 2)2

]
=

∫ t

0
L−1

[
1

(s+ 2)2

]
dt

=

∫ t

0
te−2t dt =

[
te−2t

−2
− e−2t

4

]t
0

∴ f(t) =
1

4
[1− 2te−2t − e−2t].

W.k.t. the Initial and final value theorems of Laplace transform is

(i) lim
t→0

f(t) = lim
s→∞

sF (s). (ii) lim
t→∞

f(t) = lim
s→0

sF (s).

F [s] =
1

s(s+ 2)2
∴ sF [s] =

1

(s+ 2)2
.

∴ lim
t→0

f(t) = lim
t→0

1

4

[
1− 2te−2t − e−2t

]
=

1

4
[1− 0− 1] = 0 ...(1)

lim
s→∞

sF [s] = lim
s→∞

1

(s+ 2)2
= 0. ...(2)

From (1) & (2) limt→0 f(t) = lims→∞ sF (s) = 0. ∴ I.V.T. is verified.
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To verify F.V.T.

∴ lim
t→∞

f(t) = lim
t→∞

1

4

[
1− 2te−2t − e−2t

]
=

1

4
. ...(3)

Now lim
s→0

sF [s] = lim
s→0

1

(s+ 2)2
=

1

4
. ...(4)

From equations (3) and (4) limt→∞ f(t) = lims→0 sF (s) = 1
4 .

Hence Final value theorem is verified.

Example 3.7.2. Verify initial and final value theorem for the func-

tion f(t) = t2e−4t (Apr.’07, Apr.’14, Apr.’15)

Solution . Given f(t) = t2e−4t.W.k.t. the final value theorem of

Laplace transform is, limt→∞ f(t) = lims→0 sF (s).

F [s] = L[t2e−4t] = L[t2]s→(s+4) =

[
2!

s3

]
s→(s+4)

∴ F [s] =
2

(s+ 4)3
and sF (s) =

2s

(s+ 4)3
.

W.k.t. the Initial and final value theorems of Laplace transform is

(i) lim
t→0

f(t) = lim
s→∞

sF (s). (ii) lim
t→∞

f(t) = lim
s→0

sF (s).

∴ lim
t→0

f(t) = lim
t→0

t2e−4t = 0
...(1)

lim
s→∞

sF [s] = lim
s→∞

2s

(s+ 4)3
= lim

s→∞

2

s2 (1 + 4/s)3 = 0. ...(2)

From (1) & (2) limt→0 f(t) = lims→∞ sF (s) = 0. ∴ I.V.T. is verified.

To verify F.V.T.

Now lim
t→∞

f(t) = lim
t→∞

t2e−4t = 0
[
∵ e−∞ = 0

]
lim
s→0y

sF [s] = lim
s→0

2s

(s+ 4)3
= 0.

So that limt→0 f(t) = lims→∞ sF (s) = 0. ∴ F.V.T. is verified.

Exercise

Verify initial and final value theorems of the functions

(i) 1−e−t (Jan.’16) (ii) t2e−3t, (iii) 3e−2t, (iv) 2+t2+sin t (Nov.’12)
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3.8 Laplace Transforms of Derivatives

Theorem : If f ′(t) be continuous and L[f(t)] = F (s), then

L[f ′(t)] = sF (s)− f(0).

Proof:

By definition, L[f(t)] =

∫ ∞
0

e−stf(t) dt

Then L[f ′(t)] =

∫ ∞
0

e−stf ′(t) dt

=
[
e−stf(t)

]∞
0
−
∫ ∞

0
(−s)e−stf(t) dt

= [0− f(0)] + s

∫ ∞
0

e−stf(t) dt

∴ L[f ′(t)] = sF (s)− f(0). ...(1)

Note:

If f ′(t) and f ′′(t) derivatives are continuous, then replace f ′(t)

by f ′′(t) in the equation (1), we get

L[f ′′(t)] = sL[f ′(t)]− f ′(0)

. = s [sF (s)− f(0)]− f ′(0)

= s2F (s)− sf(0)− f ′(0).

Do this similar procedure, if f ′(t) and its first (n− 1) derivatives be

continuous, then we get

L[fn(t)] = snF (s)− sn−1f(0)− sn−2f ′(0)− sn−3f ′′(0)− ...− fn−1(0).

3.9 Laplace Transforms of Integrals

3.9.1 Evaluation of Integrals by Using Laplace Transforms

In the case of evaluation of integrals using Laplace transform,

first we compare the given integrals with Laplace transforms and

make the suitable substitution for the parameter s then evaluate it.
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Problems Based on Evaluation of Integrals

Example 3.9.1. Prove that
∫∞

0
e−t−e−3t

t dt = log 3, using Laplace

transform.
(Nov’05)

Solution .

Given

∫ ∞
0

e−t − e−3t

t
dt = L

[
e−t − e−3t

t

]
s=0

...(1)

∴ L

[
e−t − e−3t

t

]
=

∫ ∞
s

[
1

s+ 1
− 1

s+ 3

]
ds

=

[
log

(
s+ 1

s+ 3

)]∞
s

= log

(
s+ 3

s+ 1

)
. ...(2)

Using (2) in (1), we have∫ ∞
0

e−t − e−3t

t
dt =

[
log

(
s+ 3

s+ 1

)]
s=0

= log(3).

Example 3.9.2. Evaluate the integrals : (i)
∫∞

0

[
cos at−cos bt

t

]
dt

(ii)
∫∞

0 e−2t t sin 3t dt (Nov’10, Jan.’15), (iii)
∫∞

0
sin2 t
tet dt

Solution .

(i) Given

∫ ∞
0

cos at− cos bt

t
dt = L

[
cos at− cos bt

t

]
s=0

...(1)

∴ L

[
cos at− cos bt

t

]
=

∫ ∞
s

[
s

s2 + a2
− s

s2 + b2

]
ds

=
1

2

[
log

(
s2 + a2

s2 + b2

)]∞
s

= log

(√
s2 + b2

s2 + a2

)
...(2)

Using (2) in (1), we get∫ ∞
0

[
cos at− cos bt

t

]
dt =

[
log

(√
s2 + b2

s2 + a2

)]
s=0

= log

(
b

a

)
.
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(ii) Given
∫∞

0 e−2t t sin 3t dt = L[t sin 3t]s=2 ...(1)

∴ L[t sin 3t] = (−1)
d

ds

[
3

s2 + 9

]
=

6s

(s2 + 9)2 ...(2)

Using (2) in (1), we have∫ ∞
0

e−2t t sin 3t dt =

[
6s

(s2 + 9)2

]
s=2

=
12

169
.

(iii) Given

∫ ∞
0

sin2 t

tet
dt =

[∫ ∞
0

e−t
(

sin2 t

t

)
dt

]
s=1

...(1)

∴ L

(
sin2 t

t

)
=

1

2
L

[
1− cos 2t

t

]
=

1

2

∫ ∞
s

[
1

s
− s

s2 + 4

]
ds

=
1

2

[
log

(
s√

s2 + 4

)]∞
s

=
1

2
log

(√
s2 + 4

s

)
...(2)

Using (2) in (1), we get∫ ∞
0

sin2 t

tet
dt =

[
1

2
log

(√
s2 + 4

s

)]
s=1

=
1

4
log(5).

3.9.2 Laplace Transforms of Integrals

Theorem : If L[f(t)] = F (s), then L
[∫ t

0 f(u) du
]

= 1
sF (s).

Proof:

Let φ(t) =

∫ ∞
0

f(u) du, then φ′(t) = f(t) and φ(0) = 0

W.k.t. L[φ′(t)] = sΦ(s)− φ(0)

or Φ(s) =
1

s
L[φ′(t)]

i.e., L

[∫ t

0
f(u) du

]
=

1

s
F (s).
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Problems Based on Laplace Transforms of Integrals

Example 3.9.3. Evaluate :

(i) L
[∫ t

0
sin t
t dt

]
(Nov’01, May’15) (ii) L

[
e−2t

∫ t
0 t sin tdt

]
(May’02)(iii) L

[
t
∫ t

0 e
4t sin 3tdt

]
(iv) L

[
1
t

∫ t
0 e
−t sin t dt

]
(Apr.’08)

(v) L
[∫ t

0 te
−t sin t dt

]
(Nov.’14)

Solution . (i) By the theorem on Laplace transform of integral,

L

[∫ t

0
f(t) dt

]
=

1

s
F [s]

Given L

[∫ t

0

sin t

t
dt

]
=

1

s
L

[
sin t

t

]
(Nov’01, May’15)

=
1

s

∫ ∞
s

L [sin t] ds

=
1

s

∫ ∞
s

1

s2 + 1
ds

=
1

s

[
tan−1(s)

]∞
s

=
1

s

[π
2
− tan−1(s)

]
=

1

s
cot−1 s.

(ii) L

[
e−2t

∫ t

0
t sin t dt

]
= L

[∫ t

0
t sin t dt

]
s→(s+2)

(May’02)

by the theorem of LT of integral

=

{
1

s
L [t sin t]

}
s→(s+2) ...(1)

L[t sin t] = (−1)
d

ds

[
1

s2 + 1

]
=

2s

(s2 + 1)2 ...(2)

Using (2) in (1), we have

L

[
e−2t

∫ t

0
t sin t dt

]
=

{
1

s

[
2s

(s2 + 1)2

]}
s→(s+2)

=
2

[s2 + 4s+ 5]2
.

(iii) L

[
t

∫ t

0
e4t sin 3t dt

]
= (−1)

d

ds
L

[∫ t

0
e4t sin 3t dt

]
...(1)
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Now L

[∫ t

0
e4t sin 3t dt

]
=

1

s
L[e4t sin 3t]

by the theorem on LT of integral

=
1

s
L[sin 3t]s→(s−4)

=
1

s

[
3

s2 + 9

]
s→(s−4)

=
1

s

[
3

(s− 4)2 + 9

]
=

3

s3 − 8s2 + 25s ...(2)

Using (2) in (1), we get

L

[
t

∫ t

0
e4t sin 3t dt

]
= (−1)

d

ds

[
3

s3 − 8s2 + 25s

]
=

9s2 − 48s+ 75

(s3 − 8s2 + 25s)2

(iv) L

[
1

t

∫ t

0
e−t sin t dt

]
=

∫ ∞
s

L

[∫ t

0
e−t sin t dt

]
ds

...(1) (Apr’08)

∴ L

[∫ t

0
e−t sin t dt

]
=

1

s
L[e−t sin t]

by the theorem on LT of integral

=
1

s
L[sin t]s→(s+1) =

1

s

[
1

s2 + 1

]
s→(s+1)

=
1

s

[
1

(s+ 1)2 + 1

]
=

1

s.(s2 + 2s+ 2) ...(2)

On resolving the equation (2) into partial fractions, we get

1

s.(s2 + 2s+ 2)
=

A

s
+

Bs+ C

(s2 + 2s+ 2)

Multiplying both sides by s.(s2 + 2s+ 2), we get

∴ 1 = A(s2 + 2s+ 2) + (Bs+ C)s ...(3)
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Put s = 0 in (3) Comparing s2 coefficients : Comparing s coeff. :
1 = 2A 0 = A+B 0 = 2A+ C

⇒ A = 1
2 Substitute A value we get Substitute A value

B = −1
2 C = −1

L

[
1

t

∫ t

0
e−t sin t dt

]
=

∫ ∞
s

[
A

s
+

Bs+ C

(s2 + 2s+ 2)

]
ds

substitute A, B and C values, we get

=

∫ ∞
s

[
1
2

s
+

−1
2s− 1

(s2 + 2s+ 2)

]
ds =

1

2

∫ ∞
s

[
1

s
− s+ 2

(s2 + 2s+ 2)

]
ds

on resolving the integrand into partial fractions,

=
1

2

∫ ∞
s

[
1

s
− s+ 1

(s+ 1)2 + 1
− 1

(s+ 1)2 + 1

]
ds

=
1

2

[
log s− 1

2
log[(s+ 1)2 + 1] + cot−1(s+ 1)

]∞
s

=
1

2

[
log

(
s√

s2 + 2s+ 2

)
+ cot−1(s+ 1)

]∞
s

=
1

2

[
log

(√
s2 + 2s+ 2

s

)
− cot−1(s+ 1)

]
.

(v) L

[∫ t

0
te−t sin t dt

]
=

1

s
L
[
te−t sin t

]
(May’15)

by the theorem of LT of integral

=
1

s

{
L [t sin t]s→(s+1)

}
=

1

s

{[
(−1)

d

ds
.

1

s2 + 1

]
s→(s+1)

}

=
1

s

{[
− 2s

(s2 + 1)2

]
s→(s+1)

}

=
1

s

[
− 2(s+ 1)

[(s+ 1)2 + 1]2

]
= − 2(s+ 1)

s(s2 + 2s+ 2)2
.
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Exercise

Evaluate the following integrals using Laplace transforms

(i)

∫ ∞
0

te−3t cos 2t dt (ii)

∫ ∞
0

t2e−t sin t dt (iii)

∫ ∞
0

e−at − cos bt

t
dt

(iv)

∫ ∞
0

e−t(1− cos t)

t
dt (v)

∫ ∞
0

e−t sin
√

3t

t
dt

(vi)

∫ ∞
0

e−2t − e−4t

t
dt (vii)

∫ ∞
0

e−t − e−3t

t
dt

Answers

(i)
5

169
(ii)

1

2
(iii) log

(
b

a

)
(iv)

1

2
log 2 (v)

π

3
(vi) log 2, (vii) log 3.

Exercise

Evaluate the following Laplace transforms of integrals

(i)

∫ t

0
te−t dt (ii)

∫ t

0
e−2t sin t dt (iii)

∫ t

0
t sin t dt (iv)

∫ t

0
te−4t sin 3t dt

(v)

∫ t

0

1− e−t

t
dt (vi)

∫ t

0

et sin t

t
dt (vii) e−2t

∫ t

0
t sin 2t dt

(viii) e−t
∫ t

0
t2 cos t dt (ix) e −2t

∫ t

0

(
1− cos t

t

)
dt (x) e−t

∫ t

0

sin t

t
dt

(xi) t

∫ t

0
e−2t sin 2t dt (xii) t

∫ t

0
e−4t sin 3t dt.

Answers

(i)
1

s(s+ 1)2
(ii)

1

s(s2 + 2s+ 2)
(iii)

2

(s2 + 1)2
(iv)

6(s+ 4)

s(s2 + 8s+ 25)2

(v)
1

s
log

(
s− 1

s

)
(vi)

1

s
cot−1(s− 1) (vii)

4

(s2 + 4s+ 8)2

(viii)
2(s2 + 2s− 2)

(s2 + 2s+ 2)3
(ix)

1

2s+ 4
log

(
s2 + 4s+ 5

s2 + 4s+ 4

)
(x)

1

s+ 1
cot−1(s+ 1)

(xi)
2(3s2 + 8s+ 8)

s2(s2 + 4s+ 8)2
(xii)

3(3s2 + 16s+ 25)

s2(s2 + 8s+ 25)2
.
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3.10 Laplace Transforms of Periodic
Functions

Periodic Functions:

A function f(t) is said to be periodic with period T if for all

values of t, f(t+T ) = f(t). The least value of T > 0 is called period.

For example, sin t, cos t are periodic functions with period 2π and

tan t is also a periodic function with period π.

Theorem: If f(t) is a periodic function with period T, then

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt (Nov.’07)

Proof: By the definition of Laplace transform,

L[f(t)] =

∫ ∞
0

e−stf(t) dt =

∫ T

0
e−stf(t) dt+

∫ ∞
T

e−stf(t) dt

In the second integral Putting t = x+ T and differentiating dt = dx.

When t = T, x = 0 and t =∞, x =∞ then the second integral is

L[f(t)] =

∫ T

0
e−stf(t) dt+

∫ ∞
0

e−s(T+x)f(T + x) dx

=

∫ T

0
e−stf(t) dt+ e−sT

∫ ∞
0

e−sxf(x) dx

[∴ f(T + x) = f(x)]

=

∫ T

0
e−stf(t) dt+ e−sT

∫ ∞
0

e−stf(t) dt

∴ L[f(t)] =

∫ T

0
e−stf(t) dt+ e−sTL[f(t)]

i.e., L[f(t)]− e−sTL[f(t)] =

∫ T

0
e−stf(t) dt

⇒ L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt.
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Example 3.10.1. Find the Laplace transform of

f(t) =

{
t, for 0 ≤ t ≤ a;

2a− t, for a ≤ t ≤ 2a.
and f(t+ 2a) = f(t) for all t.

(Nov.’05, Nov.’07, Nov.’10, Nov.’12, Apr.’14, Jan.’15)

Solution . Given function f(t) has a period T = 2a. W.k.t Laplace

transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt =

1

1− e−2as

∫ 2a

0
e−stf(t) dt

=
1

1− e−2as

[∫ a

0
e−st t dt+

∫ 2a

a
e−st(2a− t) dt

]
u = t dv = e−st dt U = (2a− t)
u′ = 1 v = e−st/(−s) U ′ = −1
u′′ = 0 v1 = e−st/s2 U ′′ = 0

=
1

1− e−2as

{[
uv − u′v1

]a
0

+
[
Uv − U ′v1

]2a
a

}
=

1

1− e−2as

{[
t e−st

−s
− e−st

s2

]a
0

+

[
(2a− t) e−st

−s
+
e−st

s2

]2a

a

}

=
1

1− e−2as

{[
ae−as

−s
− e−as

s2
+

1

s2

]
+

[
e−2as

s2
− ae−as

−s
− e−as

s2

]}
=

1

1− (e−as)2

[
e−2as − 2e−as + 1

s2

]
=

1

(1 + e−as)(1− e−as)

[
(1− e−as)2

s2

]
=

1

s2

[
1− e−as

1 + e−as

]

=
1

s2

[
eas/2 − e−as/2

eas/2 + e−as/2

]
=

1

s2
tanh

(as
2

)
.

Example 3.10.2. Find the Laplace transform of

f(t) =

{
t, for 0 ≤ t ≤ 1;

2− t, for 1 ≤ t ≤ 2.
and f(t+ 2) = f(t) for all t.

(Nov.’06, Nov.’10)
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Solution . Given function f(t) has a period T = 2. Replace a = 1

in the above worked example and proceed the steps , we get

L[f(t)] =
1

s2
tanh

(s
2

)
.

Example 3.10.3. Find the Laplace transform of

f(t) =

{
t, for 0 ≤ t ≤ 2;

4− t, for 2 ≤ t ≤ 4.
and f(t+ 4) = f(t).

(Apr.’03)

Solution . Given function f(t) has a period T = 4. Replace a = 2

in the above worked example and proceed the steps as in the above,

we get
L[f(t)] =

1

s2
tanh (s) .

Example 3.10.4. Find the Laplace transform of

f(t) =

{
K, for 0 < t < a;
−K, for a < t < 2a.

and f(t+ 2a) = f(t). (Apr.’14)

Solution . Given function f(t) has a period T = 2a. We know that

the Laplace transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt =

1

1− e−2as

∫ 2a

0
e−stf(t) dt

=
1

1− e−2as

[∫ a

0
e−st(K) dt+

∫ 2a

a
e−st(−K) dt

]
=

K

1− e−2as

{[
−e
−st

s

]a
0

−
[
−e
−st

s

]2a

a

}

=
K

1− e−2as

{[
−e
−as

s
+

1

s

]
−
[
−e
−2as

s
+
e−as

s

]}
=

K

1− e−2as

[
1− 2e−2as + e−2as

s

]
=

K

s

[
(1− e−as)2

1− (e−as)2

]
=

K

s

[
1− e−as

1 + e−as

]

=
K

s

[
eas/2 − e−as/2

eas/2 + e−as/2

]
=

K

s
tanh

[as
2

]
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Example 3.10.5. Find the Laplace transform of the square wave

function f(t) =

{
E, for 0 ≤ t ≤ a

2 ;
−E, for a

2 ≤ t ≤ a.
with period a.

(May’02 , Nov.’04, Nov.’14)

Solution . Given function f(t) has a period T = a. W.k.t Laplace

transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt =

1

1− e−as

∫ a

0
e−stf(t) dt

=
1

1− e−as

[∫ a/2

0
e−st E dt+

∫ a

a/2
e−st(−E) dt

]

=
E

1− e−as

{[
−e
−st

s

]a/2
0

−
[
−e
−st

s

]a
a/2

}

=
E

1− e−as

{[
−e
−as/2

s
+

1

s

]
−

[
−e
−as

s
+
e−as/2

s

]}

=
E

1− e−as

[
1− 2e−as/2 + e−as

s

]
=

E

s

[(
1− e−as/2

)2
1−

(
e−as/2

)2
]

=
E

s

[
1− e−as/2

1 + e−as/2

]

=
E

s

[
eas/4 − e−as/4

eas/4 + e−as/4

]

=
E

s
tanh

[as
4

]
.

Example 3.10.6. Find the Laplace transform of the function

f(t) =

{
1, for 0 ≤ t ≤ a

2 ;
−1, for a

2 ≤ t ≤ a.
and f(t+ a) = f(t) for t > 0.

(May.’02, Apr.’08, Nov.’09)

Solution . The given function f(t) has a period T = a. Replace

E = 1 in the above worked example and proceed the steps as in the

above, we get
L[f(t)] =

1

s
tanh

[as
4

]
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Example 3.10.7. Find the Laplace transform of

f(t) =

{
−E, for 0 < t < π;
E, for π < t < 2π.

and f(t+ 2π) = f(t).
(Apr.’12, May’15)

Solution . Given function f(t) has a period T = 2π. We know that

the Laplace transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt =

1

1− e−2πs

∫ 2π

0
e−stf(t) dt

=
1

1− e−2πs

[∫ π

0
e−st(−E) dt+

∫ 2π

π
e−stE dt

]
=

E

1− e−2πs

{
−
[
−e
−st

s

]π
0

+

[
−e
−st

s

]2π

π

}

=
E

1− e−2πs

{
−
[
−e
−πs

s
+

1

s

]
+

[
−e
−2πs

s
+
e−πs

s

]}
=

E

1− e−2πs

[
2e−πs − 1− e−2πs

s

]
=

−E
1− e−2πs

[
1− 2e−πs + e−2πs

s

]
=
−E
s

[
(1− e−πs)2

1− (e−πs)2

]
=
−E
s

[
1− e−πs

1 + e−πs

]

=
−E
s

[
eπs/2 − e−πs/2

eπs/2 + e−πs/2

]
=
−E
s

tanh
[πs

2

]
Example 3.10.8. Find the Laplace transform of

f(t) =

{
t, for 0 ≤ t ≤ π;

2π − t, for π ≤ t ≤ 2π
and f(t+ 2a) = f(t) for all t.

(Jan.’16)

Solution . Given function f(t) has a period T = 2π. W.k.t Laplace

transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt =

1

1− e−2πs

∫ 2π

0
e−stf(t) dt

=
1

1− e−2πs

[∫ π

0
e−st t dt+

∫ 2π

π
e−st(2π − t) dt

]
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u = t dv = e−st dt U = (2π − t)
u′ = 1 v = e−st/(−s) U ′ = −1
u′′ = 0 v1 = e−st/s2 U ′′ = 0

=
1

1− e−2πs

{[
uv − u′v1

]π
0

+
[
Uv − U ′v1

]2π
π

}
=

1

1− e−2πs

{[
t e−st

−s
− e−st

s2

]π
0

+

[
(2π − t) e−st

−s
+
e−st

s2

]2π

π

}

=
1

1− e−2πs

{[
πe−πs

−s
− e−πs

s2
+

1

s2

]
+

[
e−2πs

s2
− πe−πs

−s
− e−πs

s2

]}
=

1

1− (e−πs)2

[
e−2πs − 2e−πs + 1

s2

]
=

1

(1 + e−πs)(1− e−πs)

[
(1− e−πs)2

s2

]
=

1

s2

[
1− e−πs

1 + e−πs

]

=
1

s2

[
eπs/2 − e−πs/2

eπs/2 + e−πs/2

]
=

1

s2
tanh

(πs
2

)
.

Example 3.10.9. Find the Laplace transform of

f(t) =

{
sinwt, for 0 < t < π

w ;
0, for π

w < t < 2π
w .

with period 2π
w . (Apr.’03)

Solution . Given function f(t) has a period T = 2π
w . W.k.t Laplace

transform for the the periodic function is,

L[f(t)] =
1

1− e−sT

∫ T

0
e−stf(t) dt

=
1

1− e−2sπ/w

∫ 2π/w

0
e−stf(t) dt

=
1

1− e−2sπ/w

∫ π/w

0
e−st sinwt dt+ 0

=
1

1− e−2sπ/w

[
e−st

s2 + w2
(−s sinwt− w coswt)

]π/w
0

=
1

1− e−2sπ/w

[
e−sπ/w

s2 + w2
(0 + w)− 1

s2 + w2
(0− w)

]
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∴ L[f(t)] =
1

1− e−2sπ/w

[1 + e−sπ/w]w

[s2 + w2]
=

w[
1− e−sπ/w

]
[s2 + w2]

.

Example 3.10.10. Find the Laplace transform of

f(t) =

{
sin t, for 0 < t < π;
0, for π < t < 2π.

with period 2π. (Nov.’11)

Solution . The given function f(t) has a period T = 2π. Replace

w = 1 in the above worked example and proceed the steps as in the

above, we get
L[f(t)] =

1

[1− e−sπ] [s2 + 1]
.

Exercise

Find the Laplace transform of the function

(i) f(t) =

{
1, for 0 < t < π;
−1, for π < t < 2π.

and f(t+ 2π) = f(t).

(ii) f(t) =

{
t, for 0 < t < π;

0, for π < t < 2π.
and f(t+ 2π) = f(t).

(iii) f(t) =

{
Et/a, 0 < t < a;
Et
a (2a− t), a < t < 2a.

and f(t+ 2a) = f(t).

(iv) f(t) =

{
cos t, for 0 < t < π;
0, for π < t < 2π.

and f(t+ 2π) = f(t).

(v) saw-tooth wave function f(t), which is periodic with period

1 and defined as f(t) = kt, in 0 < t < 1.

(vi) full-sine wave rectifier function f(t) = | sinωt|, t ≥ 0

with period π
ω .

(vi) f(t) = | cosωt|, t ≥ 0 with period π
ω .

Answers

(i)
1

s
tanh

(sπ
2

)
(ii)

1

1− e−2πs

[
1− e−πs

s2
− πe−sπ

s

]
(iii)

E

as2
tanh

(sa
2

)
(iv)

s

(s2 + 1)(1− e−πs)
(v)

k

s2
− ke−s

s(1− e−s)

(vi)
ω

s2 + ω2
coth

[π s
2ω

]
(vii)

1

s2 + ω2

[
s+ ωcosech

(π s
2ω

)]
.
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3.11 Laplace Transform - Two Marks

Question 3.11.1. Define Laplace transform. (Nov.’10, Jan.’15)

Solution . Let f(t) is a function of t defined for t ≥ 0 then the

Laplace transform of f(t), denoted by L[f(t)] or F (s), defined as

L[f(t)] =

∫ ∞
0

e−stf(t) dt = F (s), provided the integral exists.

Question 3.11.2. State existence conditions of Laplace transforms.

Statement : If f(t) be the function defined on t ≥ 0 is,

(i) a piecewise continuous in every finite interval in the range t ≥ 0.

(ii) of the exponential order [i.e., limt→∞ e
−atf(t) is finite]

then L[f(t)] exists.

Question 3.11.3. State the conditions under which L[f(t)] exists.

Solution . If f(t) is a piecewise continuous on t ≥ 0 and is of expo-

nential order, i.e., limt→∞ f(t) = a finite quantity.

Question 3.11.4. Give any two examples that the functions have

no Laplace transform.

Solution . The functions et
2

and tan t have no Laplace transform.

Since the exponential order of these functions do not exist.

lim
t→∞

e−stet
2

= lim
t→∞

et
2

est
= ∞

lim
t→∞

e−st tan t = lim
t→∞

tan t

est
=
∞
∞
.

Question 3.11.5. Give an example of a function such that if it has

Laplace transform but does not satisfy the continuity condition.

Solution . The function f(t) = t−1/2 then L[t−1/2] =
√

π
s . But the

function t−1/2 →∞ as t→ 0 from the right hand side. So that t−1/2

is not piecewise continuous on every finite interval in (0,∞).
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Question 3.11.6. Can the Laplace transform of cos at
t exist?

Solution .

No. Since lim
t→∞

e−st
cos at

t
= lim

t→∞

cos 2t

test
= ∞.

Question 3.11.7. Prove that: L[1] = 1
s ; s > 0 (May’12)

Proof:

L[1] =

∫ ∞
0

e−st.1 dt =

[
e−st

−s

]∞
0

=

[
0− 1

−s

]
=

1

s
.

Question 3.11.8. Prove that: L[e−at] = 1
s+a , if s > −a. (Nov’11)

Proof:

L[eat] =

∫ ∞
0

e−(s+a)t dt =

[
e−(s+a)t

−(s+ a)

]∞
0

=
1

s+ a
.

Question 3.11.9. L[cos at] = s
s2+a2

, if s > 0.

Proof:

L[cos at] =

∫ ∞
0

e−st. cos at dt

=

[
e−st

s2 + a2
(−s cos at+ a. sin at)

]∞
0

=
s

s2 + a2
.

Question 3.11.10. Evaluate
∫∞

0 e−2t cos 3t dt (Nov’10)

Solution .∫ ∞
0

e−2t cos 3t dt = L[cos 3t]s=2 =

[
s

s2 + 9

]
s=2

=
2

13
.

Question 3.11.11. Find L[5t]. (Jan.’16)

Answer .

L[5t] = L[elog 5t ] = L[et log 5] =
1

s− log 5
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Question 3.11.12. Find L[2t].

Answer . L[2t] = L[elog 2t ] = L[et log 2] = 1
s−log 2

Question 3.11.13. Find L
[
t2 − 2

]
. (Nov.’12)

Solution .

L
[
t2 − 2

]
= L

[
t2
]
− L[2] =

2!

s3
− 2

s
.

Question 3.11.14. Find L
[
t3 − 3t2 + 2

]
. (Apr.’11)

Solution .

L
[
t3 − 3t2 + 2

]
= L

[
t3
]
− 3L

[
t2
]

+ L[2] =
6

s4
− 6

s3
+

2

s
.

Question 3.11.15. Find L
[
(et + e−t)2

]
.

Solution .

L
[
(et + e−t)2

]
= L

[
e2t + 2 + e−2t

]
=

1

s− 2
+

2

s
+

1

s+2
.

Question 3.11.16. Find L
[

1+2t√
t

]
.

Solution .

L

[
1 + 2t√

t

]
= L

[
t−1/2 + 2t1/2

]
=

Γ(1/2)

s1/2
+ 2

Γ(3/2)

s3/2

=

√
π√
s

+
2.12
√
π

√
s

[
Γ

1

2
=
√
π, Γ(n+ 1) = nΓn

]
=

√
π

s

[
1 +

1

s

]
.

Question 3.11.17. Find Laplace transform of the function 1
1−t .

Solution . W.k.t. 1
1−t = [1−t]−1 = 1+t+t2+t3+t4+ ...

∴ L

[
1

1− t

]
= L[1] + L[t] + L[t2] + L[t3] + L[t4] + ...

=
1

s
+

1!

s2
+

2!

s3
+

3!

s4
+ ... =

∞∑
n=0

n!

sn+1
.
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Question 3.11.18. Find L[sin2 3t].

Solution .

L[sin2 3t] = L

[
1− cos 2(3t)

2

]
=

1

2
[L(1)− L(cos 6t)]

=
1

2

[
1

s
− s

s2 + 36

]
=

18

s(s2 + 36)
.

Question 3.11.19. Find L[cos3 2t].

Solution .

L[cos3 2t] = L

[
3 cos 2t+ cos 3(2t)

4

]
=

1

4
[3L(cos 2t) + L(cos 6t)]

=
1

4

[
3s

s2 + 4
+

s

s2 + 36

]
=

s(s2 + 28)

(s2 + 4)(s2 + 36)
.

Question 3.11.20. Find L[sin 3t cos 4t]. (May’15)

Solution .

L[sin 3t cos 4t] = L

[
1

2
(sin 7t+ sin(−t))

]
=

1

2
[L(sin 7t)− L(sin t)]

=
1

2

[
7

s2 + 49
− 1

s2 + 1

]
=

3(s2 − 7)

(s2 + 49)(s2 + 1)
.

Question 3.11.21. Find L[sin 3t cos t]. (Apr.’13)

Solution .

L[sin 3t cos t] = L

[
1

2
(sin 4t+ sin 2t)

]
=

1

2
[L(sin 4t)− L(sin 2t)]

=
1

2

[
4

s2 + 16
− 2

s2 + 4

]
=

s2 − 8

(s2 + 16)(s2 + 25)
.

Question 3.11.22. Find L[sin t sin 2t].

Solution .

L[sin t sin 2t] = L

[
1

2
(cos t− cos 3t)

]
=

1

2
[L(cos t)− L(cos 3t)]

=
1

2

[
s

s2 + 1
− s

s2 + 9

]
=

4s

(s2 + 1)(s2 + 9)
.
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Question 3.11.23. Find L[cos(at+ b)].

Solution .

L[cos(at+ b)] = L [cos at cos b− sin at sin b]

= cos b L [cos at]− sin b L [sin at]

= cos b
s

s2 + a2
− sin b

s

s2 + a2
.

Question 3.11.24. Find L[t cos at]. (Nov’10)

Solution .

L[t cos at] = − d

ds
L[cos at] = − d

ds

[
s

s2 + a2

]
= −

[
(s2 + a2).1− s.2s

(s2 + a2)2

]
= −

[
(s2 + a2)− 2s2

(s2 + a2)2

]
= −

[
a2 − s2

(s2 + a2)2

]
=

[
s2 − a2

(s2 + a2)2

]
.

Question 3.11.25. Find L[t sin 2t]. (Nov’15)

Solution .

L[t sin 2t] = − d

ds
L[sin 2t] = − d

ds

[
s

s2 + 4

]
= −

[
(s2 + 4).1− s.2s

(s2 + 4)2

]
= −

[
(s2 + 4)− 2s2

(s2 + 4)2

]
= −

[
4− s2

(s2 + 4)2

]
=

[
s2 − 4

(s2 + 4)2

]
.

Question 3.11.26. Find L[e−2tt2]. (Apr.’14)

Solution .

L[e−2tt2] = L[t2]s→(s+2) =

[
2

s3

]
s→(s+2)

=
2

(s+ 2)3
.

Question 3.11.27. Find Laplace transform of Unit Step Function.

(Apr.’11, Apr.’14, Apr.’15)
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Solution . The Unit Step Function (or) Heavy Side’s Function is

defined as U(t− a) =

{
0, for t < a;
1, for t ≥ a. then

L [U(t− a)] =

∫ ∞
0

e−stU(t− a) dt

=

∫ a

0
e−st.0 dt+

∫ ∞
a

e−st.1 dt

= 0 +

[
e−st

−s

]∞
a

∴ L [U(t− a)] =
e−as

s
.

Question 3.11.28. Find Laplace transform of dirac delta function

δ(t− a).

Solution .

L[δ(t− a)] =

∫ ∞
0

e−stδ(t− a) dt = e−sa
[
∵
∫ ∞

0
f(t)δ(t− a) = f(a)

]
Question 3.11.29. Find L

[
t
et

]
. (Nov.’13)

Solution .

L

[
t

et

]
= L

[
te−t

]
= L [t]s→(s+1) =

[
1

s2

]
s→(s+1)

=
1

(s+ 1)2
.

Question 3.11.30. Find L
[
e−t sin 3t

]
.

Solution .

L
[
e−t sin 3t

]
= L [sin 3t]s→(s+1) =

[
3

s2 + 9

]
s→(s+1)

=
3

s2 + 2s+ 10
.

Question 3.11.31. Find L
[
e−2t cos 3t

]
.

Solution .

L
[
e−2t cos 3t

]
= L [cos 3t]s→(s+2) =

[
s

s2 + 9

]
s→(s+2)

=
s+ 2

s2 + 4s+ 13
.
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Question 3.11.32. Find L
[
t22t

]
.

Solution .

L
[
t22t

]
= L

[
t2et log 2

]
= L

[
t2
]
s→(s−log 2)

=
2

(s− log 2)3
.

Question 3.11.33. Find L
[
et sin2 t

]
.

Solution .

L
[
et sin2 t

]
= L

[
et
(

1− cos 2t

2

)]
=

1

2
L
[
et(1− cos 2t)

]
=

1

2
L [1− cos 2t]s→(s−1) =

1

2

[
1

s
− s

s2 + 4

]
s→(s−1)

=
1

2

[
1

s− 1
− s− 1

(s− 1)2 + 4

]
=

1

2

[
1

s− 1
− s− 1

s2 − 2s+ 5

]
.

Question 3.11.34. Find Laplace transform of t sin 2t (Nov.’15)

Solution .

L[t sin 2t] = (−1)
d

ds
L[sin 2t] = (−1)

d

ds

[
2

s2 + 4

]
= (−1)

[
0− 2.2s

(s2 + 4)2

]
=

4s

(s2 + 4)2

Question 3.11.35. Find the Laplace transform of f(t) = te−2t sin 5t.

Solution .

L
[
te−2t sin 5t

]
= L[t sin 5t]s→(s+2) ...(1)

L[t sin 5t] = (−1)
d

ds
L[sin 5t] = (−1)

d

ds

[
5

s2 + 25

]
=

10s

(s2 + 25)2...(2)

Using (2) in (1), we have

L
[
te−2t sin 5t

]
= L

[
10s

(s2 + 25)2

]
s→(s+2)

=
10(s+ 2)

[s2 + 4s+ 29]2
.
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Question 3.11.36. If L[f(t)] = F (s), then prove that

L[f(t− a).u(t− a)] = e−asF (s).
Proof:

L[f(t− a).u(t− a)] =

∫ ∞
0

e−stf(t− a)u(t− a) dt

=

∫ a

0
e−stf(t− a).(0) dt+

∫ ∞
a

e−stf(t− a) dt

=

∫ ∞
0

e−s(u+a)f(u) du [Put t− a = u]

= e−as
∫ ∞

0
e−suf(u) du

= e−asF (s).

Question 3.11.37. Find L[(t− 1)3u1(t)].

Solution .

L[(t− 1)3u1(t)] = L[(t− 1)3.u(t− 1)], by second shifting

= e−asL[t3], where a = 1

= e−s
3!

s4
=

6e−s

s4
.

Question 3.11.38. Find L[4 sin(t− 3)u(t− 3)].

Solution .

L[4 sin(t− 3)u(t− 3)] = 4L[sin(t− 3)u(t− 3)] by second shifting

= 4e−asL[sin t], where a = 3

=
4e−3s

s2 + 1
.

Question 3.11.39. Find L[4u(t− π) cos t].

Solution .

L[4u(t− π) cos t] = 4L{u(t− π) cos[(t− π) + π]}

using second shifting property

= 4e−asL[cos(t+ π)], where a = π
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= −4e−πsL[cos t]

= −4e−πs
[

s

s2 + 1

]
.

Question 3.11.40. If L[f(t)] = F (s), prove L [f(at)] = 1
a F

(
s
a

)
.

Proof:

L[f(at)] =

∫ ∞
0

e−stf(at) dt [Put at = u ∴ dt = du/a]

=

∫ ∞
0

e−su/af(u)
du

a

=
1

a

∫ ∞
0

e−(s/a)uf(u) du =
1

a
F
(s
a

)
.

Question 3.11.41. Find L
[∫ t

0
sin t
t dt

]
(May’15)

Answer .

L

[∫ t

0

sin t

t
dt

]
=

1

s
L

[
sin t

t

]
=

1

s

∫ ∞
s

L(sin t) ds =
1

s

∫ ∞
s

ds

s2 + 1

=
1

s

[
tan−1(s)

]∞
s

=
1

s

[π
2
− tan−1 s

]
.

Question 3.11.42. State initial and final value theorems on Laplace

transforms. (Apr’11, Nov’11, Apr.’14, Jan.’15 )

Statement: If L[f(t)], L[f ′(t)] are exist and L[f(t)] = F (s) then

(i) lim
t→ 0

f(t) = lim
s→ ∞

sF (s) [I.V.T ]

(ii) lim
t→ ∞

f(t) = lim
s→ 0

sF (s) [F.V.T ]

Question 3.11.43. Verify Initial value theorem for the following

function f(t) = 1 + e−t[sin t+ cos t] . (Nov’10, Apr’08)
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Solution . Given f(t) = 1 + e−t[sin t+ cos t].

∴ L[f(t)] = L[1] + L
{
e−t[sin t+ cos t]

}
i.e., F (s) =

1

s
+ {L[sin t] + L[cos t]}s→s+1

=
1

s
+

{
1

s2 + 1
+

s

s2 + 1

}
s→s+1

=
1

s
+

{
1 + s

s2 + 1

}
s→s+1

=
1

s
+

{
s+ 2

s2 + 2s+ 2

}
lim
t→0

f(t) = lim
t→0

{
1 + e−t[sin t+ cos t]

}
=

{
1 + e−0[sin 0 + cos 0]

}
= 1 + 1 = 2 ...(1)

∴ lim
s→∞

sF (s) = lim
s→∞

s

[
1

s
+

s+ 2

s2 + 2s+ 2

]
= lim

s→∞

[
1 +

s2 + 2s

s2 + 2s+ 2

]
= lim

s→∞

{
1 +

[
s2[1 + (2/s)]

s2[1 + (2/s) + (2/s2)

]}
= lim

s→∞

{
1 +

[
[1 + (2/s)]

[1 + (2/s) + (2/s2)

]}
= 1 +

1 + 0

1 + 0 + 0
= 2 . ...(2)

From (1) and (2) we have limt→0 f(t) = lims→∞ sF (s) = 2.

Hence Initial value theorem is verified.

Question 3.11.44. State Convolution theorem.
(Nov.’12, Apr.’14, Jan.’15, May’18)

Solution . Let f(t) and g(t) be two functions and

L−1[F (s)] = f(t) and L−1[G(s)] = g(t)

then the Laplace transform of convolution of two functions is the

product of their Laplace transforms.

i.e., L[f(t) ∗ g(t)] = L[f(t)]L[g(t)] = F (s)G(s).
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Question 3.11.45. Write the value of 1 ∗ et.
Solution .

1 ∗ et =

∫ t

0
1 ∗ et−u du =

[
et−u

−1

]t
0

= et − 1.

Question 3.11.46. Define periodic function f(t).
(Apr.’14, Jan.’15)

Answer . A function f(t) is said to be periodic with period T, if for

all T f(t+ T ) = f(t); T > 0. The least value of T is called as period

of f(t).

Question 3.11.47. If f(t) is a periodic function with period p, what

is its Laplace transform?

Solution .

L[f(t)] =
1

1− eps

∫ p

0
e−stf(t) dt, where p is the given period.

Question 3.11.48. Evaluate:
∫∞

0 te−3t sin 2t dt.

Solution .∫ ∞
0

te−3t sin 2t dt = L[t sin 2t]s=3 =

[
4s

(s2 + 4)2

]
s=3

=
12

169
.

Question 3.11.49. Using Laplace transform evaluate,∫∞
0 te−2t cos t dt.

Solution .∫ ∞
0

te−2t cos t dt = L[t cos t]s=2 =

[
s2 − 1

(s2 + 1)2

]
s=2

=
3

25
.

Question 3.11.50. Find L
[

sin t
t

]
.

Solution .

L

[
sin t

t

]
=

∫ ∞
0

L[sin t] ds =

∫ ∞
0

1

s2 + 1
ds

=
[
tan−1 s

]∞
0

=
π

2
− tan−1(s) = cot−1(s).
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